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Summary

A common theme in mathematics is the classification of mathematical ob-
jects by assigning numerical invariants to them. There are two ways in which
such numerical invariants can appear in relation to computational complex-
ity. On the one hand, mathematical invariants are used in the context of
proving lower complexity bounds: they serve as obstructions to the existence
of fast algorithms for solving certain problems. On the other hand, it is
the computational complexity of actually computing such invariants that
is of interest. The first part of this thesis is concerned with lower bounds
for the problems of computing linear and bilinear maps. The invariants
used, namely the mean square volume, singular values, and rigidity, belong
to linear algebra. One of the main results is a tight lower bound of order
Q(nlogn) for the problem of multiplying two polynomials, in the model of
bounded coefficient circuits. This lower bound is extended to circuits for
which a limited number of unbounded scalar multiplications (help gates)
are allowed. The second part is concerned with the complexity of actually
computing numerical invariants. The objects of study are two of the most
prominent invariants in algebraic geometry and topology: the Euler char-
acteristic and the Hilbert polynomial of complex projective varieties. These
problems are studied within the framework of counting complexity classes.
It is shown that the problem of computing the Euler characteristic of a
complex projective variety is on essentially the same level of difficulty as
the problem of counting the number of solutions of a system of polynomial
equations. A similar result is proved for the Hilbert polynomials, when the
input variety is assumed to be smooth and equidimensional.
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CHAPTER 0

Introduction

A common theme in mathematics is the classification of mathematical ob-
jects by assigning numerical invariants to them. There are two ways in which
such numerical invariants can appear in relation to computational complex-
ity. On the one hand, mathematical invariants are used in the context of
proving lower complexity bounds: they serve as obstructions to the existence
of fast algorithms for solving certain problems. On the other hand, it is the
computational complexity of actually computing such invariants that is of
interest. The first part of this thesis is concerned with the use of invariants
for proving lower complexity bounds. The problems under consideration are
linear and bilinear maps, and the invariants used, namely the mean square
volume, singular values, and rigidity, belong to linear algebra. The second
part is concerned with the complexity of actually computing numerical in-
variants. The objects of study are two of the most prominent invariants in
algebraic geometry and topology: the Fuler characteristic and the Hilbert
polynomial of complex projective varieties.

0.1 Lower Complexity Bounds

0.1.1 Linear Maps

Given an m xn matrix A over the complex numbers C, how many arithmetic
operations in C are necessary to compute the linear transformation z — Ax
for an input vector z = (z1,...,x,) € C"? It is clear that this product
can be computed with a budget of nm multiplications with scalars and
(n — 1)m additions. On the other hand, there are obvious examples of
matrices for which far less operations are needed. A less immediate example
is the following:

1 1 1 1 xr1 + X2 + X3+ x4
A— 1 ¢+ -1 —q Y= Az = T, 4+ 1x9 — T3 — T4
1 -1 1 -1 ’ XT1 — T2+ T3 — 24
1 — -1 ) T1 — X9 — T3 + 124

The vector y = Ax can be computed from x using only 9 additions and scalar
multiplications, as illustrated by the following sequence of instructions.
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T T2 T3 Ty
g1 =1+ T3

[} [} [ [}
g2 = X9+ x4 > < ;
3 =T — T3 i 7
g + + — —
x| IX
g5 =1-94 . .
g6 = g1 + g2
gr =93+ 9s

[ ] [ ] [ ] [ ]
gs = g1 — g2

a1 Y3 Y2 Ya
99 =93 — g5

Figure 1: The Fast Fourier Transform

The above example is a special case of an important linear transformation
called the Discrete Fourier Transform (DFT), while the algorithm presented
in Figure (1) is known as the Fast Fourier Transform (FFT). In general,
the n x n DFT matrix over C is the matrix DFT,, := (wij)0§i7j<n, where
w = €2™/™ is an n-th root of unity in C. The Fast Fourier Transform
performs the linear transformation z — DFT,x using O(nlogn) arithmetic
operations (a comprehensive exposition is found in [GG03, Chapter 8]). Is
it possible to significantly improve this bound? Could there be a procedure
that computes the DFT with a number of arithmetic operations that is linear
in n? We don’t know.

There is, however, a strong indication that the FFT algorithm is asymp-
totically optimal with respect to the number of arithmetic operations needed.
The reason for this is a lower bound on the complexity of linear maps due
to Jacques Morgenstern [Mor73]. For an n x n matrix A with entries in C,
let C(A) denote the minimal number of additions, subtractions, and scalar
multiplications with scalars of absolute value at most 2, needed to compute
the linear map x — Ax. Such a sequence of instructions is called bounded
coefficient circuit (b.c. circuit for short) in the sequel. Morgenstern’s bound
states that

C(A) > log|det Al. (1)

In words, the absolute value of the determinant, that is, the volume of the
parallelepiped spanned by the rows of A, provides a lower bound for the
size of a bounded coefficient circuit computing the linear map x — Ax. It
is known that the determinant of the DFT matrix is n™/2, from which an
5 logn lower bound for the Discrete Fourier Transform follows.

In order to derive the Morgenstern’s bound (1), assume (g1,...,9,) to
be an optimal sequence of instructions computing Az from x = (z1,...,%,).
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For 0 < i <r, let G; be the n x (n+ 1) matrix whose columns consist of the
vectors representing the linear forms x1,...,2zy,91,...,9; (in particular, Gy
is the identity matrix). Let further m; := vol,(G;) denote the maximum of
the absolute values of all n x n subdeterminants of GG;. Every g; is of the
form g; + g or Ag;, with j,k < i and |A] < 2. From the multilinearity of
the determinant it follows that m; can at most double in each computation
step. Since my = 1, it follows that | det A| < m, < 2". Taking logarithms
yields Morgenstern’s bound.

One annoying drawback of this bound is the restriction to constants of
bounded absolute value!. Leslie Valiant [Val76, Val77] analysed the problem
of proving nonlinear lower bounds on the complexity of the Discrete Fourier
Transform, and related linear problems, in the unrestricted model of arith-
metic circuits. Despite many attempts, this problem is still open today. It
should be noted, however, that many algorithms for arithmetic problems,
like the Fast Fourier Transform and the fast algorithms based on it, use only
small constants. Bernard Chazelle [Cha98] advocated the bounded coeffi-
cient model as a natural model of computation by arguing that the finite
representation of numbers is essentially equivalent to bounded coefficients.
In Section 0.1.3, the bounded coefficient property is relaxed by allowing a
limited number of unbounded scalar multiplications (“help gates”), and it
is shown that meaningful lower bounds are still possible in this setting.

0.1.2 Bilinear Maps

An important example of a bilinear map is polynomial multiplication. Given
n—1

two univariate polynomials f = > a;X* and g = Z;L;Ol b; X7 in C[X],
the problem consists of computing the product

2n—2

f'g: Z Cka7 Cl = Z aibj.
k=0

itj=k

This map is readily interpreted as a bilinear map ¢: C"* x C* — C?*~! on
the coefficient vectors a and b. Polynomial multiplication can be reduced to
the bilinear map of cyclic convolution, and vice versa:

n—1
f*g:chXk, cp = Z a;bj.
k=0 i+j=k mod n

This corresponds to multiplication in the quotient ring C[X]/(X™ —1). The
cyclic convolution, in turn, can be computed using the Fast Fourier Trans-
form (the procedure is described in detail in [GG03, Chapter 8]). The re-
sulting circuit makes use of O(nlogn) arithmetic operations. Again, the

Tt is easy to see that the bound of 2 on the absolute value of the scalars can be replaced
with any other constant ¢, with an increase in size of order log, c.
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question arises whether this is optimal. The main result of Part I (Theorem
2.4) consists of an Q(nlogn) lower bound for the problem of computing the
cyclic convolution, and thus also for polynomial multiplication, in the model
of bounded coefficient circuits.

The proof is based on ideas by Ran Raz [Raz03] to establish a lower
bound on the complexity of a bilinear map (z,y) — @(z,y) in terms of
the complexity of the linear map y — ¢(a,y), obtained by specialising the
first input to a (Lemma 1.4). Let A denote the matrix corresponding to
y — p(a,y). A circuit for the computation of y — Ay resulting from a
hypothetical bounded coefficient circuit for ¢ has to be transformed into
one with bounded coefficients with only a small increase in size. A lower
bound s on C(A) thus leads to a lower bound on the complexity C(¢) of the
original bilinear map:

Clp) =2 pC(A)— R =ps— R, (2)

where p and R depend on a and an optimal circuit for ¢.

The existence of a suitable a is shown using the probabilistic method?: a
vector a is chosen at random according to the standard normal distribution
in a suitable linear subspace of C" (Lemma 2.5). To obtain the bound (2),
one has to show that this bound is satisfied with positive probability.

Raz applied this strategy to the bilinear map of matrix multiplication,
and obtained an Q(n?logn) lower bound. His estimate of p and R, as well
as his lower bound for the multiplication with a random matrix is based on
his notion of geometric rigidity (see Equations (1.2) and (2.2)).

We apply a related approach to the problem of cyclic convolution. Let
p: C"xC™ — C" denote the bilinear map of cyclic convolution. The matrix
of the linear map y — ¢(a,y) resulting by specialising to a € C™ is the
circulant matrix

ag ai P ¢ 7oy |
. Ay — Q e An—
Circ(a) = | "1 0 n—2
al a9 e a

An estimate for the complexity of the multiplication with a random cir-
culant matrix has to be found. An analysis reveals that, as in the case of
matrix multiplication, such a bound does not seem attainable using only
Morgenstern’s bound. This problem is treated instead by extending Mor-
genstern’s bound in a new way, which leads to the notion of the r-Mean
Square Volume (MSV) of a complex matrix A, suggested by Biirgisser.

While the determinant det A is the product A;--- A, of the eigenvalues
of A, the r-mean square volume of A € C"*" (1 < r < n) can be defined as

2See [AS00].
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the square root of the r-th elementary symmetric function in the | ;|?:
1/2

msv, A = S PP P

1<i1 << <n

The square of msv,. A is, up to sign, the r-th coefficient of the characteristic
polynomial of AA*, where A* denotes the complex transpose of A. From
the definition given it is clear that the MSV is unitary invariant. Moreover,
msv, A > | A1+ |Ar] > |Ar|", where |A1] > -+ > |A,| is assumed. The case
r = n yields the absolute value of the determinant.

Based on a refinement of the proof of Morgenstern’s bound due to Raz,
the following MSV bound is obtained:

C(A) > logmsv, A —n/2.
An immediate corollary is the eigenvalue bound
C(A) = rlog|Ar| —n/2. (3)

This bound also follows from Chazelle’s Spectral Lemma [Cha00, Lemma 6.1]
and Raz’s rigidity bound [Raz03], see also Equations (2.2) and (1.2).

The advantage of the mean square volume in our situation can be out-
lined as follows (details may be found in the proof of Lemma 2.6). Assume
the vector a € C™ is chosen at random, according to the standard normal
distribution in some fixed r-dimensional subspace of C". The eigenvalues
of Circ(a) are given by A = DFT,a. Since it is known that n~/2DFT,, is
unitary, the vector a = n=1/2) is also standard normal distributed in an r-
dimensional subspace U C C". Unfortunately, the mean of the determinant
det Circ(a) = n" [[i-, |a;|® turns out to be too small to obtain useful lower
bounds. The mean square volume, however, allows to select a “good” set of
eigenvalues:

msvr(Circ(a))2 =n" Z H lag|? > n" H ||

|J|=r keJ kel

for any I C [n], |I| = r. Given an n x r matrix B = (b1,...,b,) whose
columns are an orthonormal basis of U and I C [n], with |I| = r, denote by
By the matrix consisting of the rows of B indexed by I. Using the Covariance
Lemma 2.7, it is shown that for any index set I, with probability at least
1/2 the following holds:

I lowl* = 67| det B[,
kel

where § is some positive constant.
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Figure 2: Volume contraction ratio

It is known (Binet-Cauchy formula) that the sum of the “volume con-
traction ratios” |det Br|? equals 1. Therefore, there exists an I such that
|det By|> > (f)fl. Combining this with the MSV bound, we arrive at
Lemma 2.6, which states that if a is standard normal distributed in an

r-dimensional subspace of C",
1
C(Circ(a)) > §rlogn —O(n) (4)

holds with probability at least 1/2. The factor r plays a role in the deter-
mination of the parameters R and p, which bounds the increase in size of a
circuit for ¢ after substituting a and transforming it into a b.c. circuit. The
choice of r = n/2 leads to the lower bound on cyclic convolution

1
Clp) > ﬁnlogn — O(nloglogn).

Ran Raz (personal communication) pointed out a technically simpler
proof for a variant of bound (4), which avoids the study of correlations.
His proof is based on the eigenvalue (or rigidity) bound, combined with a
lower bound for the sum of squares of the smallest r eigenvalues of a random
circulant matrix. His proof is outlined in Section 2.3.

From the lower bound for the cyclic convolution, a nonlinear lower bound
for polynomial multiplication, inversion of power series, and polynomial di-
vision with remainder is obtained by noting that the well-known reductions
between these problems [BCS97] preserve the b.c. property. These lower
bounds are again optimal up to order of magnitude.

0.1.3 Help Gates

It is possible to extend the eigenvalue bound (3) to circuits allowing up to
(1 —¢e)n help gates (0 < € < 1), corresponding to scalar multiplications with
unbounded constants.

Assume a computation sequence g1, ..., g for computing the linear map
x +— Az is given, such that help gates are among the g;, and the dimension of
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the space spanned by the linear forms computed at these help gates is h < n.
Removing these help gates leads to a sequence computing a map = — Bx for
a matrix B that coincides with A on the orthogonal complement of the “help
space”, that is, the subspace spanned by the help gates. If [A\1| > -+ > ||
are absolute values of the eigenvalues of A, |[Aj| > --- > |\,| those of B,
then a classic result (see [GVL96, Theorem 8.1.7] or [CH31, 1.§4.2]) states
that ~

‘)‘r‘ = ’)‘r’ = ’)\TJrh’ (5)

for r+ h < n. Over R, and assuming A to be symmetric, this can be
seen geometrically by interpreting the absolute values of the eigenvalues as
lengths of the principal axes of the ellipsoid {Ax | ||z|| = 1}. The eigenvalues
of A restricted the complement of the help space are then the lengths of the
principal axes of the intersection of this ellipsoid with this complement.

VT
_ A

AN | M

“Help space” V

AL> A > N

Figure 3: Interlacing property and help gates

Let Cp,(A) denote the length of the shortest bounded coefficient sequence
of instructions computing z — Az with at most h help gates. The MSV
bound for B, the fact the number of instructions in the bounded coefficient
sequence for B is at least h less than in the original sequence, and the
“interlacing property” (5), give rise to the following lower bound:

Ch(A) > rlog |y n] = n/2+ h.

This bound is derived in detail in Chapter 3. In the case of the Discrete
Fourier Transform, this leads to an Q(nlogn) lower bound in the presence
of (1 — e)n help gates, 0 < e < 1.

In Part I, the ideas presented so far are developed in the more general
context of m x n matrices, where singular values take over the role that the
absolute values of the eigenvalues play for square matrices. It was shown
by Biirgisser that the idea of allowing help gates carries over to the case of
bilinear maps (Sections 3.2 and 3.3), although some subtleties have to be
considered.
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0.1.4 Related Work

A lower bound for the complexity of linear maps in terms of singular values
was already given by Chazelle [Cha98, Cha00]. His applications are nonlin-
ear lower bounds for range searching problems. His lower bound also works
in the presence of up to n/2 help gates, which are allowed to compute any
function on the intermediate results at unit cost. Thus his bound is weaker
than ours with respect to the number of help gates allowed, but stronger
with respect to the power of these help gates.

Several articles [NW95, Lok95, Pud98] studied b.c. arithmetic circuits.
The concept of matrix rigidity, originally introduced in [Val77], hereby plays
a vital role. A geometric variant of this concept (Euclidean metric instead
of Hamming metric) is closely related to the singular value decomposition
of a matrix and turns out to be an important tool, as worked out by Satya-
narayana Lokam [Lok95]. Ran Raz [Raz02, Raz03] proved a nonlinear lower
bound on the complexity of matrix multiplication in the b.c. model. This
article and [NW95] seem to be the only ones which deal with the complex-
ity of bilinear maps in the b.c. model of computation®. Recently, Maurice
Jansen and Kenneth Regan [JR04] proved lower bounds on the complexity
of linear and bilinear maps in a model of b.c. circuits that operate on orbits
of the input vector under the action of a matrix group.

0.2 Complexity Theory in Geometry and Topology

Computational complexity theory is the study of the resources needed to
solve problems algorithmically. The problems under consideration can be
decision or computation problems, while the resources studied are usually
space and time?. One of the central issues on the agenda of complexity
theory, according to [Pap94], is to understand why some problems are inher-
ently harder to solve than others. The standard approach chosen for this
purpose is to group problem in complexity classes and to identify certain
problems as hardest problems within each such class. It is this approach
that we apply to the study of the algorithmic problems of computing the

Euler characteristic and the Hilbert polynomial.

We begin by introducing these two objects and then proceed to discuss
the philosophy of counting complexity theory.

3The proof of the Q(nlogn) lower bound in [NW95](Cor. 3) is incorrect, as it assumes
that the derivative inequality [BS83] carries over to the b.c. model. The counterexample
2" 3 cicn XiYi, pointed out by Pavel Pudlédk (personal communication), shows that this
is not true.

“For precise definitions we refer to [Pap94]. Throughout this introduction, the reader
may think of time complexity vaguely as the number of computation steps needed.



0.2 COMPLEXITY THEORY IN GEOMETRY AND TOPOLOGY 9

0.2.1 The Euler Characteristic

In its most simple incarnation, the Euler characteristic of a triangulated
polyhedron counts the number of vertices minus the number of edges plus
the number of faces®. In general, for spaces admitting a finite triangulation,
it is the alternating sum of the number of i-simplices of the triangulation.
The Euler characteristic of a topological space V is denoted by x (V).

x(5%) =12 30420 =2 x(T)=1-2+1=0

Figure 4: Euler characteristic of polyhedra and cell complexes

The Euler characteristic does not depend on any specific triangulation
of the object under consideration. In fact, it is a topological invariant, which
means that it doesn’t change under homeomorphism. Remarkably, the Euler
characteristic appears in several different ways. It is the alternating sum of
the Betti numbers b;(V') of a topological space V', that is, of the ranks of the
homology groups H;(V;Z). For a finite cell complex, it is the alternating
sum of the number of cells in each dimension (see Figure 4). For compact,
differentiable manifolds, it can be characterised as the alternating sum over ¢
of the number of critical points of index ¢ of any Morse function f: V — R,
or as the sum of the indices at the zeros of a vector field. Moreover, for
a Riemannian manifold the Gauss-Bonnet theorem gives a characterisation
of x(V) in terms of Gaussian curvature. It is this diversity that makes the
Euler characteristic fascinating from a purely mathematical, and accessible
from a computational point of view.

A rich class of geometric objects are those defined as the zero sets of
systems of polynomial equations over the complex numbers C. These will
be referred to as (complex affine) wvarieties throughout this introduction.
Given a set of homogeneous multivariate polynomials over C, their common
zero set in complex projective n-space P" is called a projective variety. An
affine or projective variety is equipped with the Euclidean topology via the
identification C =2 R?. The computational problem we are interested in is
the following.

PROJEULERc (FEuler characteristic of projective varieties). Given a finite

®See [Lak76] for a vivid account of the history of the Euler characteristic.
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set of complex homogeneous polynomials, compute the Euler charac-
teristic of its projective zero set.

The model of computation in which this question is discussed is the BSS
machine over C, named after Lenore Blum, Mike Shub, and Steve Smale
[BSS89, BCSS98]. Questions regarding the important issue on how the poly-
nomials are encoded as inputs to such a machine are discussed in Section
4.4. In contrast to the lower bounds described in Part I, the complexity
bounds for PROJEULERc are not absolute. Instead, following the tradition
of complexity theory, this problem is put in relation to another important
computational problem, which in a sense captures the complexity of a large
class of problems. This is the problem #HN¢ of counting the number of
solutions of a system of polynomial equations. Informally, our main result
about the Euler characteristic can be stated as follows:

The problem PROJEULER( is polynomial time equivalent to the
problem #HN¢ of counting the number of solutions of a system
of polynomial equations.

What this means is, roughly speaking, that any subroutine for one of
these problems can be used to solve the other problem with a number of
computation steps that is, up to the subroutine calls, polynomially bounded
in the input size.

The mathematical aspects of the reduction of PROJEULERc to #HN¢
are briefly outlined next. The reduction exploits an intimate relation of the
Euler characteristic to the notion of degree of a complex projective variety.
The degree d of a variety V' C P™ counts the number of intersection points of
V with a generic linear subspace of complementary dimension. For the zero
set of a single irreducible polynomial f (called a hypersurface), the degree
of this set is simply the degree of f.

p#
NN

Figure 5: Degree of elliptic curve y2 = 23 — 2 +1/2

For an irreducible, smooth hypersurface V' C P" of degree d, the rela-
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tionship of Euler characteristic and degree is explicitly given by:
xV)==(1-a)"" —1)+n+1 (6)

As an example, an irreducible degree 3 curve in P? (elliptic curve) has Euler
characteristic 0. In fact, such a curve is topologically a torus.

Assume now that an irreducible polynomial f is given, and that the
resulting hypersurface V is smooth. A straight-forward approach for com-
puting the Euler characteristic would be to intersect V with a random line
L C P", that is, add n — 1 linear equations g1, ..., gn—1, and count the num-
ber of solutions to the system f = 0,91 = 0,...,9,—1 = 0. The resulting
number is with high probability the degree d, and Equation (6) thus yields
the Euler characteristic. In order to turn this procedure into a deterministic
polynomial time reduction, it has to be properly “derandomised”.

The approach taken is to use the notion of transversality: if L meets V
transversely, then the number of intersection point equals the degree. The
point is now that it is possible to compute in polynomial time a sequence
of lines Lq,...,L,, such that the majority of them meets V transversely.
This was shown in [BC04a]. The reason for this to be possible is that the
transversality condition can be expressed in a certain way as a first order
formula over the reals, and moreover this formula is generically satisfied.
It can be shown from this that a sequence of vectors called partial witness
sequence can be constructed, such that the majority of them satisfies the
first-order formula describing transversality. These ideas are discussed in
Section 5.2.

A generalisation of Equation (6) to possibly singular hypersurfaces was
found by Paolo Aluffi [Alu03] in terms of projective degrees. The sequence
of projective degrees dy,...,d,_1 is derived from the graph of the gradient
map

0 0
P"\ Y —=P" x=(xg: - :xy)— <a—)‘§0(x) R kan(m)>7
where f is the polynomial defining the hypersurface and ¥ is the common
zero set of the partial derivatives 0f/0X;. Aluffi’s formula states that

x(V)=n+ Z(—l)iildn_i.
i=1

The d; are arrived at by counting the points of the intersection of the closure
of the graph I' of the gradient map in P"™ x P™ with a product of generic
linear spaces. It is shown in Section 6.4 that such “generic” linear subspaces
can be computed in polynomial time from f, using transversality arguments
as in the case of the degree. The case of general varieties is reduced to
the case of a hypersurface using the inclusion-exclusion principle (Lemma
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4.5). Even though the resulting sum is exponential, it follows from an im-
portant principle in counting complexity, namely the closure of #P¢ (and
related classes) under exponential summation, that a single system of poly-
nomial equations can be constructed such that the Euler characteristic can
be deduced from the number of solutions of this system. The idea is best
illustrated using a trivial example. Let F'(u,x) be a parametrised system of
polynomial equations. For fixed u € {0,1}"™, let ¢(u) denote the number
of solutions of the system of equations F'(u,z) in . Then the exponential
sum o 13m $(u) equals the number of solutions of the single system of
polynomial equations F’(u,z) in (u,x), which arises from F by adding the

equations u? =uj, 1 <7 <m.

0.2.2 The Hilbert Polynomial

Let V C C" be a complex projective variety of dimension m. The Hilbert
polynomial py (T') associated to V is a polynomial of degree m with ratio-
nal coeflicients, which encodes valuable geometric information about V: its
leading coefficient is the degree of V', and the constant coefficient gives the
arithmetic genus of V.

Our goal is to relate the complexity of computing the Hilbert polynomial
to the problem #HN¢ of counting points. This goal is achieved for the case
of smooth, equidimensional varieties. These are smooth varieties, in which
each irreducible component has the same dimension. The main result of
Chapter 7 can be roughly formulated as follows:

The problem of computing the Hilbert polynomial of a smooth,
equidimensional complex projective variety is at most as hard
as the problem #HN¢ of counting the number of solutions of a
system of polynomial equations.

The reduction uses concepts from enumerative geometry and Schubert
calculus, as well as the Hirzebruch-Riemann-Roch theorem, in order to ex-
press the coefficients of the Hilbert polynomial in terms of the degrees of
certain polar varieties. An example of a plane curve V C P2, given by an
irreducible polynomial f, should illustrate the case. The Hilbert polynomial
of V is given by

pv(T) = dT + (1 - g),

where d is the degree of f and g the genus of the curve. The leading coef-
ficient equals the number of intersection points of V' with a generic line. Is
there a way of interpreting 1 — g in terms of the number of solutions to a
polynomial system? For smooth V, given a point 3 € P2, define the polar
variety P(y) to be the set of points in V' whose tangents at V' contain y:

Py) ={z eV ]yeT,V}



0.2 COMPLEXITY THEORY IN GEOMETRY AND TOPOLOGY 13

Figure 6: Polar variety

where T,V denotes the tangent of V' at x.
If V is smooth, then for generic y € P2, the constant coefficient of the
Hilbert polynomial is given by

1
1—g=d—|P()]

This shows how the constant coefficient of the Hilbert polynomial can be
computed by means of “counting points”. In this simple example it is easy
to see, using Bézout’s Theorem, that |P(y)| = d(d — 1) holds for generic y.
This is consistent with the well known formula g = 1(d — 1)(d — 2) for the
genus. More on algebraic curves can be found in [BK81] or [Ful89]

For a general smooth, purely m-dimensional variety V', the projective
tangent space T,V at z lives in the Grassmannian G(m,n) of m-planes
in P". Associated to a partition A\ = (Aq,..., ) and a flag of subspaces
F:Fy C---F,_1 CP" there are the Schubert varieties Qy(F) C G(m,n).
The Gauss map ¢: V — G(m,n) maps each x € V to its projective tangent
space T,V , and the pullback

Py(E) = ¢ QA (£))

is a generalised polar variety, called a degeneracy locus. The plane curve
example arises as special case with n =2, m =1, and A = (1). It is known
that there is an integer dy, such that for generic F, d) = deg P)\(F) holds.
These integers will be called projective characters.

Just as in the case of a smooth curve, there is a relationship between
the projective characters and the coefficients of the Hilbert polynomial of a
smooth, purely m-dimensional variety V' C P™. Let pi(V) denote the k-th
coefficient of the Hilbert polynomial of V. Then for 0 < k < m:

1
m(V)=2 D, OprtdegP,
" ul<m—k
p1<n—m

where the (521’]€ are combinatorial constants, easily describable in terms of
m, k, and the partition p. This formula is derived in Chapter 8 using the
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Hirzebruch-Riemann-Roch theorem, which describes the coefficients of the
Hilbert polynomial in terms of determinants in the Chern classes of the
tangent bundle of V. These determinants, in turn, can be realised by the
homology classes of degeneracy loci using a classic result of Schubert calculus
(Kempf and Laksov [KL74], Fulton [Ful98]).

Again, the problem arises of how to compute a flag F such that dy =
deg P\(F). As for the degree, such a flag can be computed by exploit-
ing transversality. It is shown that whenever the Gauss map ¢ meets the
Schubert variety transversely (in a sense described in Section 7.2), then the
condition dy = deg Py(F) is satisfied. It is then shown in Section 7.4 that
this transversality condition can be expressed as a logical formula in a way
that allows to actually compute such a flag F in polynomial time, using
the methods of Chapter 5. The fact that the formula for p(V') consists of
an exponential sum is treated by saying the magic formula “#P¢ is closed
under exponential summation”, see the previous section and Chapter 5.

0.2.3 Counting Complexity Theory

As already seen in the previous sections, the computation of the Euler char-
acteristic and the Hilbert polynomial is intimately related to a special kind
of computation problem, called counting problem. While a decision prob-
lem usually asks for the existence of a solution to a problem instance, the
corresponding counting problem asks for the number of solutions.

Counting problems abound in computer science and mathematics. A
classic example from optimisation theory, well suited to illustrate the ideas
of counting complexity theory, is the assignment problem: given a collection
of n jobs and n persons, each of whom capable of performing one or more
of the jobs, find an assignment such that each person gets to do a different
job. Such an assignment is commonly referred to as a perfect matching®
(see Figure 7). The corresponding counting problem asks for the number of
possible perfect matchings.

The problem of telling whether an assignment exists at all is easy from a
computational complexity point of view. There are algorithms solving this
problem in time O(n?3) and better, see for example [Pap94, Chapter 1] and
the references therein.

The number of perfect matchings is equal to the permanent of the adja-
cency matrix of the problem. The adjacency matrix is the n x n-matrix M,
whose (i, j)-th entry is 1 if person i is qualified for job j, and 0 else.

The permanent is then defined as

Per(M) = Z Hmi,a(i)7

O'ESn i=1

5There are several variations to this theme. For example, each person may be differently
skilled at each of the jobs, and the problem may consist in finding an optimal assignment.
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Figure 7: There are 2 perfect matchings

where S, is the symmetric group of permutations on n letters, and m; ;
denotes the (i, j)-th entry of the matrix M. Multiplying each monomial in
the sum with the sign of the corresponding permutation gives rise to the
familiar definition of the determinant of the matrix. While the determinant
can be computed with O(n?) arithmetic operations using Gaussian elimina-
tion, the permanent has pertinaciously resisted all attempts at finding an
efficient algorithm. In fact, the best known methods for computing (deter-
ministically and exact) the permanent require O(2") arithmetic operations
[Knu98, 4.6.4, Ex. 9-10]".

In his seminal work [Val79a, Val79b], Leslie Valiant developed an ele-
gant theory that, in a way, explains why the determinant is easier than the
permanent. Roughly speaking, the class P consists of decision problems
solvable in polynomial time, while NP consists of decision problems, such
that each problem instance can be verified in polynomial time with the help
of a witness. For example, the problem of deciding whether a bipartite graph
has a perfect matching is in NP, since each graph with a perfect matching
has this matching as witness. Valiant introduced the counting class #P,
which consists of functions mapping problem instances in NP to the num-
ber of satisfying witnesses. He showed that the problem of computing the
permanent of a 0 — 1 matrix is complete in this class. This implies that
the problem of computing the permanent is at least as hard as any other
problem in #P, and hence, a deterministic, polynomial time algorithm for
this problem would imply P = NP. It is generally believed that P # NP
holds, even though there is no proof for this yet.

A counting complexity theory for algebraic and geometric problems over
the real and complex numbers, based on the BSS model of computation, was
initiated by Klaus Meer, Peter Biirgisser and Felipe Cucker [Mee00, BC04a,
BC04b, BCLO5]. The complexity class #P¢ plays the role of #P over the
complex numbers, and the basic complete problem for this class is the prob-

"It should be noted, though, that there are randomised algorithms that approzimate
a permanent with non-negative entries in polynomial time, as shown by Jerrum, Sinclair,

and Vigoda [JSVO01]
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lem #HN¢ of counting the number of solutions of a system of polynomial
equations (the notation HN¢ stands for “Hilbert’s Nullstellensatz over C).
It is then investigated how other geometric problems relate to #HN¢ in
terms of computational complexity.

When an enumerative geometer asks for the solution of a counting prob-
lems, like “how many lines in P? intersect four given lines” [KL72], then it
is assumed that the answer is the same for almost all (generic) lines. This
assumption is based on what was called “Das Princip von der Erhaltung
der Anzahl” by Hermann Schubert in 1879 [Sch79]. The same principle is
implicit in the characterisation of the notion of degree as the number of
intersection points of a variety with a “generic” linear space of complemen-
tary dimension. In a sense, the problem of computing the degree is a more
natural representative for geometric counting problems than #HNc.

In terms of counting complexity theory, this state of affairs leads to the
notions of generic parsimonious reductions, coined by Peter Biirgisser. In
a very simplified way, the definition states that a function ¢ generically
reduces to a counting function ¢ in #P¢, if ¢(z) = ¥(z,r) holds for all x
and “almost all” parameters r. In practice, one would like to be able to
actually compute such an r. Therefore, the definition involves a relation
R C C™ x C°°, such that

L (z,r) € R= o(z) = ¢(z,7),
2. For all z, R(x,r) is satisfied for almost all r.

Moreover, the relation is required to be expressible in a certain way, namely
in the constant free polynomial hierarchy over the reals. It was shown in
[BC04a, BCLO05] (based on earlier work by Koiran [Koi97a]) that for such
R, a satisfying parameter r can be computed in polynomial time by means of
partial witness sequences. (A key step in the construction is closely related
to the concept of correct test sequences from Heintz and Schnorr [HS82],
and similar ideas also appear in the Witness Theorem [BCSS96, BCSS98].)
All this is explained in Chapter 5.
Going back to geometry, it is well-known that a statement of the form

A holds for almost all (generic) B
can very often be rephrased as saying

A holds whenever B satisfies a certain transversality property,
almost all (generic) B satisfy this transversality property.

This observation can be seen as a model for the definition of generic parsi-
monious reductions. In fact, it is this kind of situation that is encountered
in the study of the FEuler characteristic and the Hilbert polynomial in Chap-
ters 6 and 7, where it is shown that suitable transversality conditions can
be expressed in a way that leads to generic parsimonious reductions.
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0.2.4 Related Work on Algorithms

There has been some recent work on the algorithmic problem of computing
the Euler characteristic for real and complex varieties. The first single-
exponential algorithm for computing the Euler characteristic of a semi-
algebraic set was given by Saugata Basu [Bas99], see also [BPR03, Chapter
13]. The complexity of computing the Euler characteristic was studied in
[BC04a], where using Morse theory, it was shown that this problem is poly-
nomial time equivalent to the problem of counting points in semi-algebraic
sets. Algorithms for computing the Euler characteristic of projective va-
rieties where described by Uli Walther [Wal00, Wal02] and Paolo Aluffi
[Alu03].

Several algorithms for computing the Hilbert function and Hilbert poly-
nomial are known. To our knowledge, the first algorithms for the Hilbert
function were described by Moller and Mora [MM83]. An important ap-
proach for computing Hilbert functions is based on a result of Macaulay
[Mac27], which states that the Hilbert function of an ideal equals the Hilbert
function of its initial ideal with respect to some monomial order, see also
[Eis95, 15.10.2]. Therefore, the problem of computing the Hilbert func-
tion can be reduced to the case of monomial ideals via Grobner bases
[Buc65, Buc85], see also [CLO98, Eis95]. A polynomial space algorithm
for computing the Hilbert function of a monomial ideal was described by
Dave Bayer and Mike Stillman [BS92], see also [Eis95, Chapter 15] and
[GP02, Chapter 5]. Moreover, Bayer and Stillman show that the problem of
computing a Hilbert function is NP-hard. Other algorithms were described
by Bigatti, Caboara, and Robbiano [BCR91, Big97] of the CoCoA Research
Team. Some of these algorithms have been implemented in computer al-
gebra systems, such as MACAULAY2 [GS], SINGULAR [GPSO01], and CoCoA
[CoC].

The algorithms considered so far all rely on the computation of Grébner
bases, which leads to bad worst-case complexity estimates. In fact, the
problem of computing a Grobner basis is exponential space hard [May97].
Both the cardinality and the maximal degree of a Grobner basis can be
double exponential in the number of variables [MM82, Huy86, BS88|. It
is generally believed that these bounds are quite pessimistic, and that for
problems with “nice” geometry, single exponential upper bounds should
hold for Grobner bases. Among the results that are known in this direction
are [Giu84, DFGS91, BM93, May97|. However, currently no upper bound
better than exponential space is known for the computation of the Hilbert
function or Hilbert polynomial of a homogeneous ideal. It is interesting to
note that, while the Hilbert function is computed with the help of Grébner
bases, knowledge of the Hilbert function of an ideal can help speed up the
Buchberger algorithm [Tra96] (see also [GP02, Remark 5.2.9]).

The problem #HN¢ of counting the number of solutions of a system
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of polynomial equations has received some attention in the past. There
are algorithms solving #HN¢ in single exponential time (or even parallel
polynomial time). A key point for showing this is the fact that a Grébner
basis of a zero-dimensional ideal can be computed in single exponential time
[DFGS91, Lak91, LL91]. The number of solutions can then be determined
using linear algebra techniques, as described for example in [CCS99, Chap-
ter 2]. Another approach for counting the number of solutions is by using
Bernstein’s theorem, which interprets the number of solutions in (C™)* as
mixed volume of the Newton polytope of the system of equations. However,
this method assumes some regularity condition on the system of equations.
For this and other approaches for solving #HN¢ (such as resultants), a
reference is [CLO98] (see also [Stu02]).

0.3 Outline

Chapter 1 contains a description of the model of computation, as well as ba-
sic definitions and results from linear algebra and probability theory. Chap-
ter 2 contains the heart of Part I. Here, the mean square volume bound is
introduced, and a lower bound for the bilinear problem of cyclic convolu-
tion is obtained. This bound is then used to obtain lower bounds for the
problems of polynomial multiplication and division, and inversion of power
series. Chapter 3 extends the lower bounds to a model of computation in
which a limited number of help gates are allowed. This extension is carried
out for linear and bilinear maps.

Chapter 4 recalls basic concepts from geometry, topology, and gives a
short introduction to BSS complexity theory. In Chapter 5, a counting
complexity theory in the BSS model of computation is explored. This chap-
ter introduces the important notion of generic parsimonious reduction and
the complexity classes related to this notion. The framework developed in
Chapter 5 is used in Chapters 6 and 7, in order to study the complexity of
the Euler characteristic and the Hilbert polynomial, respectively. Finally,
Chapter 8 contains the derivation of a formula for the coefficients of the
Hilbert polynomial in terms of the degrees of polar classes.
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random circulants in Section 2.3 has been worked out around an approach
suggested by Ran Raz. Much of the content of Part I profits from Raz’s
article [Raz03], which was pointed out to us by Joachim von zur Gathen.
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zur Gathen.
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