NON-ISOMORPHIC DERIVED-EQUIVALENT TUBULAR CURVES AND THEIR ASSOCIATED TUBULAR ALGEBRAS

DIRK KUSSIN

Dedicated to Professor Helmut Lenzing on the occasion of his 60th birthday

Abstract. Let R be the field of real numbers. We construct two tubular canonical R-algebras (in the sense of Ringel/Crawley-Boevey [22]) which are neither isomorphic nor dual to each other, but which are tilting-equivalent. This relates to the fact that each of these algebras admits two distinct isomorphism classes of separating tubular families of standard stable tubes. The results are derived from the existence of two non-isomorphic tubular exceptional curves (in the sense of [15]) over R which are derived-equivalent, one having a commutative, the other a non-commutative function field. Furthermore, we classify all generic modules over such tubular algebras.

1. Introduction

In [1] Atiyah classified the vector bundles over an elliptic curve over an algebraically closed field proving that the indecomposable objects in the category coh(T) of coherent sheaves over an elliptic curve T (= curve of genus one) form a rational family of one-parameter families which are parametrized by T; moreover all of these one-parameter families are isomorphic (for a fixed T).

In [21] Ringel introduced the tubular (canonical) algebras over an algebraically closed field k and showed a related result that the indecomposable finite-dimen-sional modules over such an algebra can be classified basically by a rational family of pairwise isomorphic one-parameter families (so-called tubular families), in this case parametrized by the projective line P^1(k).

The connection between these results is given by the theory of weighted projective lines introduced by Geigle and Lenzing [6], and the tubular/elliptic situation is treated in detail by Meltzer and Lenzing [17], where the notion of tubular mutations plays the key role for classification (see [19, 17]). By definition the tubular weighted projective lines are just the weighted projective lines of virtual genus one, and thus are the weighted analogues of the elliptic curves.

In the present article we show that new effects occur if the base field is not algebraically closed. We show the existence of two non-commutative curves X_1 and X_2, each equipped with a tilting bundle T_i (i = 1, 2) such that:

• The function field of X_1 (resp. X_2) is commutative (resp. non-commutative).

In particular, X_1 and X_2 are non-isomorphic.

• Λ_1 = End(T_1) and Λ_2 = End(T_2) are tubular canonical algebras which are tilting-equivalent, but neither isomorphic nor anti-isomorphic. In particular, Λ_1 and Λ_2, hence X_1 and X_2 are derived-equivalent. 1

• The tubular families for each of coh(X_1 ) and coh(X_2 ) (resp. mod(Λ_1) and mod(Λ_2)) fall into two classes of non-isomorphic tubular families, indexed by X_1 and X_2, respectively.

The results give a counterexample to a question of Bondal and Orlov ([3]), here in the more general setting of non-commutative curves over non-algebraically closed field.

Recall that a Λ_1-module is called generic [4], if it is indecomposable and of infinite dimension over the base field, but of finite endolength (that is, of finite length over its endomorphism ring). As application of our results we show that there are generic modules over Λ_1 (resp. Λ_2) with non-isomorphic endomorphism skew-fields, which is also different from the algebraically closed case [14].

Some results of this article are part of the author’s doctoral thesis [10]. The author takes this opportunity to thank his graduate adviser, Professor Helmut Lenzing.

2. Statement of results

In this section we state the main results which will be proved in the following sections.

Throughout this article let k = R be the field of real numbers. Denote by C and H the field of complex numbers and the skew-field of real quaternions, respectively. Let Λ be a canonical k-algebra in the sense of Ringel/Crawley-Boevey [22]. We call Λ tubular if the radical of the Grothendieck group K_0(Λ) of mod(Λ) is a finitely generated free abelian group of rank two (see [13, 16] for characterizations).

Λ is defined by an underlying bimodule M =_F M_G where F and G are finite dimensional skew-fields over k and M is a tame bimodule, which means that (dim_F M) · (dim M_G) = 4, and k is acting centrally on F , G and M. The pair (dim_F M, dim M_G) is called the type of M. We say that M or Λ has numerical type ε, where ε is defined to be 1 if (dim_F M, dim M_G) = (2, 2), and it is 2 if (dim_F M, dim M_G) ∈ {(1, 4), (4, 1)}. If the canonical algebras Λ_1 and Λ_2 have different numerical type, Λ_1 is neither isomorphic to Λ_2 nor to Λ^{op}_2 .

Denote by X_1 the graded projective spectrum of the graded factorial algebra R[X, Y, Z]/(X^2 + Y^4 + Z^4) with grading group given by the abelian group with generators deg X, deg Y , deg Z and relations deg X = 2 · deg Y = 2 · deg Z.

Theorem 1. There are tubular canonical R-algebras Λ_1 and Λ_2 which can be realized as endomorphism rings of tilting bundles in the category of graded coherent sheaves coh(X_1) such that

• Λ_1 has numerical type ε = 2 and Λ_2 has numerical type ε = 1; • Λ_1 and Λ_2 are tilting-equivalent.

If Λ is (tubular) canonical then it admits a separating tubular family whose additive closure we denote by mod_0(Λ). In the tubular case such a separating tubular family is not uniquely determined; actually, there is a rational family of separating tubular families in mod(Λ). The category mod_0(Λ) is a coproduct ∐ x∈X U_x of connected uniserial categories U_x (“tubes”), where X is an index set. In [16] it is shown that to such a tubular family mod_0(Λ) one can associate in a natural way a connected small abelian category H = H(Λ, mod_0(Λ)) with the following properties:

• H is hereditary with no non-zero projectives;

• H is noetherian and locally finite (that is, Hom and Ext spaces are finitedimensional over k);

• H admits a (torsion-free) tilting object whose endomorphism ring is Λ; • If H_0 denotes the full subcategory of H of objects of finite length then H_0 = mod_0(Λ).

Since H shares the abstract properties with a category of coherent sheaves over a non-singular projective curve X it is also denoted by coh(X), and X (together with coh(X)) is called an exceptional curve [15]. Tilting theory implies that the categories mod(Λ) and coh(X) are derived-equivalent. The exceptional curve X is called tubular, if Λ is tubular, or equivalently, if the virtual genus (see [15]) of X is one. We denote by D^b(X) the (bounded) derived category of coh(X). Two exceptional curves X_1 and X_2 are called isomorphic (derived-equivalent, respectively) if the corresponding categories coh(X_1 ) and coh(X_2) are equivalent (derived-equivalent, respectively). If X is an exceptional curve, then let coh_0(X) = H_0. The quotient category^{coh(X)}_{coh0(X)} is equivalent to a module category mod(D), where D is a skew-field (compare [2, Cor. 4.7]), called the function field of X. For each sheaf F ∈ coh(X) the rank rk F is defined as the dimension of the induced vector space over D.

Theorem 2. There are two non-isomorphic tubular exceptional curves X_1 and X_2 over R which are derived-equivalent and such that the function field of X_1 is commutative and the function field of X_2 is non-commutative. For X_1 we can take the curve from Theorem 1.

Let X be a tubular exceptional curve. As in [6] we define the slope as the quotient μ =^{deg}_{rk} , and define stability and semi-stability with respect to μ (compare [13] for the definition of the degree deg in this general setting). Since X is tubular, each indecomposable sheaf is semi-stable (see [6, Prop. 5.5]). For q ∈ Q = Q ∪ {∞} we denote by H^{(q)} the full subcategory of H = coh(X) consisting of the semi-stable sheaves of slope q and the zero sheaf. We call the categories H^{(q)} slope categories. Note that H is the additive closure of the slope categories.

Theorem 3. Let X_1 be the tubular exceptional curve from Theorem 1, let H = coh(X_1 ). Then each slope category H^{(q)} is non-trivial, and the group Aut(D^b(X_1)) of auto-equivalences of D^b(X_1) acts with precisely two orbits on the set of slope categories H^{(q)} (q ∈ Q ). Moreover, slope categories belonging to different orbits are not equivalent.

As an application we will show that there is a tubular canonical algebra over R which admits two isoclasses of separating tubular families of stable tubes. Let 1, i, j, k = ij denote the usual R-basis of H , we put C = R1⊕Ri, C^′ = R1⊕Rj.

Denote by [1, ∞] ∨ ]−∞, 0] the ordered subset of the lexicographically ordered set Z × Q which is given as the union of the elements (0, q) (1 ≤ q ≤ ∞) and (1, q) (−∞ < q ≤ 0). For convenience we will write q rather than (n, q) for those elements; in particular we write 1 for (0, 1) and 0 for (1, 0). We denote the ordering by ≤.

Theorem 4. Let Λ_1 be the tubular canonical R-algebra which is given by the species C H R C

C^′

H H

C^′ H with ideal of relations generated by u_1 ⊗ u_1 − u_0, u_2 ⊗ u_2 − u_0,

where u_1 (resp. u_2, u_0) denotes the element in the tensor algebra in the “upper arm” (resp. “lower arm”, “middle” arrow) associated with the identity 1 ∈ H . Then the Auslander-Reiten quiver of Λ_1 consists of the following:

1. the preprojective component and the preinjective component. 2. For each q ∈ [1, ∞] ∨ ]−∞, 0] a separating tubular family S_q admitting only two non-homogeneous tubes, where for each q ≠ 0, 1 the family S_q is stable, S_1 contains a projective indecomposable, S_0 contains an injective indecomposable. For q, q^′ ∈ [1, ∞] ∨ ]−∞, 0] we have Hom(S_q, S_q′ ) ≠ 0 if and only if q ≤ q^′. Moreover, if q =^a_b , where a and b are coprime, then each simple object in S_q has endomorphism ring isomorphic to C if b is even, whereas each of the skew-fields R, C and H will occur as the endomorphism ring of a simple object in S_q if b is odd.

Concerning generic modules we prove

Theorem 5. Let Λ_1 be the tubular canonical R-algebra from Theorem 4. Then there is a bijection q → G_q between the set of elements q ∈ [1, ∞] ∨ ]−∞, 0] and the set of (isoclasses of ) generic Λ_1-modules; moreover, for all generic modules G_q, G_q′ the relation Hom(G_q, G_q′ ) ≠ 0 holds if and only if q ≤ q^′ and with q =^a_b , where a and b are coprime, we have that End(G_q) is isomorphic to the quotient field of R[X, Y ]/(X^2 + Y^2 + 1) in case b is even, whereas End(G_q) is isomorphic to the skew function field C (T, · ) (where αT = T α for each α ∈ C ) in case b is odd.

3. A graded factorial algebra over the reals

Let R be the affine R-algebra R[X, Y, Z]/(X^2 + Y^4 + Z^4) = R[x, y, z] which is graded by the abelian group H generated by ⃗x = deg x, ⃗y = deg y, ⃗z = deg z with relations ⃗x = 2⃗y = 2⃗z. Note that H has a torsion part which is generated by ⃗y −⃗z. Graded factoriality of R follows by using a slightly more general method as in [20, Thm. 4.1] from the graded factoriality of the Z-graded algebra R[X, Y, Z]/(X^2 + Y^2 + Z^2).

Let X_1 be the graded projective spectrum of R (compare [7]). We consider the category H = coh(X_1 ) =^{modH (R)}_{modH0 (R)} of H-graded coherent sheaves over X_1 (as in [7]). For each h ∈ H and F ∈ H the coherent sheaf which is obtained from F by degree-shift by h is denoted by F(h). Denote by K_0(X_1) the Grothendieck group of coh(X_1), which is equipped with the Euler form ⟨−, −⟩ defined by

⟨[F], [G]⟩ = dim_R Hom_{X1}(F, G) − dim_R Ext^1_{X1}(F, G).

Note that the category H is hereditary. Let ω = ⃗x − ⃗y −⃗z. Then we have (as in [6, Thm. 2.2]) Serre duality in the form

D Ext^1_{X1}(F, G) ≃ Hom_{X1}(G, F(ω))

for F, G ∈ coh(X_1), where D denotes the duality Hom_R(−, R). Moreover, as in [6, Cor. 2.3] one shows that degree-shift by ω coincides with the Auslander-Reiten translation τ : H −→ H, which is an equivalence of categories: τF ≃ F(ω). The Auslander-Reiten translation induces an automorphism on K_0(X_1 ), called Coxeter transformation, which preserves the Euler form. The radical Rad K_0(X_1) consists of the fixed points of the Coxeter transformation.

We denote by O (and often also by L) the structure sheaf over X_1, and by S_x (S_y, S_z) the simple sheaf which is concentrated in the closed point Rx (Ry, Rz, resp.) such that Ext^1_{X1}(S_x, O) ≠ 0 (resp., the analogous conditions for S_y, S_z); the dimension over R of these non-zero spaces is two. The sheaves S_y, S_z are exceptional (lying in tubes of rank two), whereas S_x is ordinary (that is, lying in a homogeneous tube). For each F ∈ coh(X_1 ) we have rk F =^1_2 dim_R Hom_{X1}(F, S_x) and deg F =^1_2 dim_R Hom_{X1}(O, F) +^1_2 dim_R Hom_{X1}(O, F(ω)).

Let 0 O^2 L_i S_i 0 be the O-co-universal extensions of S_1 := S_y and S_2 := S_z, resp., and let 0 O^2 L S_x 0 be the O-co-universal extension of S_x. (For the notion of (co-) universal extensions see [16, Ch. 3].) Then the full subcategory

L_1

O L

L_2

forms a tilting bundle T_1 in H. By definition the canonical algebra Λ_1 from Theorem 4 is the endomorphism algebra of T_1 (compare [16, Prop. 5.5]). Furthermore, it follows that X_1 is an exceptional curve (compare [15]). Since 2 · ω = 0 (thus, the Coxeter transformation has order 2), this exceptional curve is tubular (compare [13, Thm. 8.3]), and hence Λ_1 is also tubular.

Moreover, if mod_0(Λ_1) denotes the “central” separating tubular family over Λ_1 (which consists of the Λ_1-modules of rank 0 (=defect 0, [22])), then it is easy to see that H(Λ_1, mod_0(Λ_1)) = coh(X_1).

Lemma 6. Let S be a simple sheaf over X_1. Then the endomorphism ring of S is isomorphic to the field of complex numbers C .

Proof. By reduction of weights (see [12, Lemma 10], also [7, Thm. 9.5]) it is sufficient to show that the endomorphism ring of each simple sheaf over the projective spectrum of the Z-graded algebra R[X, Y, Z]/(X^2 + Y^2 + Z^2) is isomorphic to C . 4. The slope categories

Let X_1 be the tubular exceptional curve as in the preceding section, and let X be an arbitrary tubular exceptional curve. Since each indecomposable coherent sheaf over X is semi-stable, we have

coh(X) = ⋁ q∈Q H^{(q)}, where the symbol ⋁ indicates that H = coh(X) is the additive closure of the union of the slope categories H^{(q)} (q ∈ Q ), and additionally (under the assumption H^{(q)}, H^{(q′)} ≠ 0) Hom_X(H^{(q)}, H^{(q′)}) ≠ 0 ⇐⇒ q ≤ q^′.

(“=⇒” by semi-stability, “⇐=” by the Riemann-Roch formula [13, Thm. 9.2].) Since coh(X) is hereditary, D = D^b(X) is the repetitive category of coh(X), the additive closure of the copies H^{(q)}[n] (q ∈ Q , n ∈ Z) (see [8]). The natural automorphism on D sending X ∈ H[n] to the copy X[1] ∈ H[n + 1] is called translation functor.

For each q ∈ Q let H⟨q⟩ be the subcategory in D defined by

H⟨q⟩ = H^{(q)}_− [−1] ∨ H^{(q)}_+ ∨ H^{(q)},

where H^{(q)}_+ = ⋁ −∞<r<q H^{(r)}, H^{(q)}_− = ⋁ q<r≤∞ H^{(r)}. Moreover D = D^{(q)}_+ ∨ H^{(q)} ∨ D^{(q)}_− , where D^{(q)}_+ = ⋁ n<0 H[n] ∨ H^{(q)}_+ and D^{(q)}_− = H^{(q)}_− ∨ ⋁ n>0 H[n]. Proposition 7 (Lenzing). Let X be a tubular exceptional curve. Let q ∈ Q and assume that H^{(q)} is non-trivial. Then the category H⟨q⟩ is of the form coh(X⟨q⟩), where X⟨q⟩ is a tubular exceptional curve.

Proof. It is enough to show ([15]) that H⟨q⟩ is an abelian, hereditary category which is noetherian with no non-zero projectives and admits a tilting object. Since the pair (H_+⟨q⟩ ∨ H^{(q)}, H_−⟨q⟩) defines a cut in H (in the terminology of [18]) it follows from [9] that H⟨q⟩ is abelian. It is sufficient to show that H⟨q⟩ is noetherian, the remaining assertions then follow easily. Let S be a simple object in H^{(q)}, lying in a tube of rank p. The element w_q = ∑_{p−1} j=0[τ^j S] in the Grothendieck group defines a (non-normalized) rank function for objects of H⟨q⟩ by means of rk_q X = ⟨[X], w_q⟩. For all X ∈ H⟨q⟩ we have rk_q X ≥ 0, and rk_q X = 0 if and only if X ∈ H^{(q)}. Now it follows as in [16, Thm. 6.1] that H⟨q⟩ is noetherian.

Proposition 8 (Lenzing). Let X be a tubular exceptional curve. Let q ∈ Q and assume that H^{(q)} is non-trivial. The slope category H^{(q)} is a separating tubular family in D^b(X).

Proof. By means of the preceding proposition, switching the roles of H and H⟨q⟩ we may assume that q = ∞. Let X and Y be indecomposable in D, X ∈ D^{(∞)}_+ , Y ∈ D^{(∞)}_− , and let f : X −→ Y be a non-zero morphism. Heredity of H implies X ∈ H and Y ∈ H[1], hence Y = Z[1] with Z ∈ H. Let a be in X and denote by σ_a the shift functor corresponding to a (compare [16, S10]), and let X_n = σ^{−n}_a X. For n ≫ 0 we get μX_n < μZ. Let X^′ = X_n. The canonical exact sequences 0 Xk Xk−1 Vk 0 with V_k semisimple in U_a yield an exact sequence

0 X^′ X^u V 0 with V ∈ U_a. Application of Hom_D(−, Y ) leads to the exact sequence

0 HomD(V, Y )^{−∘u} HomD(X, Y ) Ext^1_H(X^′, Z) 0,

where Ext^1_H(X^′, Z) ≃ D Hom_H(Z, τX^′) = 0, since μZ > μX^′ = μτX^′. Hence each morphism f : X −→ Y factors through u : X −→ V .

Corollary 9. H^{(0)} and H^{(∞)} are separating tubular families in D^b(X_1 ). Proof. Since O ∈ H^{(0)} we have H^{(0)} ≠ 0.

The shift functors on D^b(X) associated to tubes in any separating tubular family [16, S10] are also called tubular mutations [19].

Proposition 10. Denote by σ_L and σ_1 the tubular mutations with respect to the tubes which are generated by the Auslander-Reiten orbits of L = O and S_1, respectively. Let U be the subgroup of Aut(D^b(X_1 )) which is generated by σ_L, σ_1 and the translation functor. Then U acts on the set of slope categories H^{(q)}[n] (q ∈ Q , n ∈ Z) with exactly two orbits. Moreover, each slope category H^{(q)} is non-trivial. Proof. σ_L and σ_1 induce automorphisms σ_L and σ_1 on the Grothendieck group (see [16, S10]): For each x ∈ K_0(X_1) we have σ_L(x) = x − ⟨[L], x⟩[L] − ⟨[τL], x⟩[τL] and σ_1(x) = x − 1 2 ⟨[S_1], x⟩[S_1] − 1 2 ⟨[τS_1], x⟩[τS_1];

moreover, μ(σ_Lx) =^{μ(x)}_{1−2μ(x)} and μ(σ_1x) = μ(x) + 1. As is easily shown, the group generated by the maps q →^q_{1−2q} and q → q + 1 acts on Q with two orbits which are given by the set of fractions where the denominator is even or odd, respectively.

Corollary 11. Let σ be an element of Aut(D^b(X_1 )). Then σ(H^{(q)}[n]) is of the form H^{(q′)}[n^′] for some q^′ ∈ Q , n^′ ∈ Z.

Proof. Let X, Y ∈ H^{(q)}[n] be indecomposable. Since σ induces an automorphism of Rad K_0(X_1), and hence (by a result analogous to [17, 2.6]) a bijective map σ : Q −→ Q , it follows that σX ∈ H^{(σq)}[n^′] and σY ∈ H^{(σq)}[n^{′′}] for some n^′, n^{′′} ∈ Z. Since for q^′ < σq (q^′ < q, resp.) there are non-zero morphisms from any non-zero element in H^{(q′)} into each tube in H^{(σq)} (H^{(q)}, resp.), we get n^′ = n^{′′}. Corollary 12. The group Aut D^b(X_1) acts with exactly two orbits on the set of slope categories H^{(q)}[n] (q ∈ Q , n ∈ Z). Moreover, slope categories belonging to different orbits are non-equivalent.

Proof. Each endomorphism ring of a simple object in H^{(∞)} is isomorphic to C (by Lemma 6), and O ∈ H^{(0)} is a simple object and has an endomorphism ring which is isomorphic to the degree zero component of the graded algebra R, which is the field R. Therefore the categories H^{(0)} and H^{(∞)} are not equivalent.

This proves Theorem 3. It follows easily from Cor. 11 that Aut D^b(X_1 ) acts also on the set of all H⟨q⟩[n] (q ∈ Q , n ∈ Z), with the same number of orbits.

5. A second tilting bundle

Let X_1 be the tubular exceptional curve as in the previous sections. We call a linear map r : K_0(X_1) −→ Z a rank function, if it is normalized (that is, surjective) and compatible with the Coxeter transformation on K_0(X_1). For example, the rank of sheaves in coh(X_1) (as defined in Section 2) induces a rank function.

Let X_2 be the tubular exceptional curve such that H⟨0⟩ = coh(X_2 ) (by Prop. 7). Then H⟨0⟩ admits a torsion-free tilting object ([16]) constructed as follows: The separating tubular family H^{(0)} induces a rank function rk_0 : K_0(X_1) −→ Z (as constructed in the proof of Proposition 7, but additionally normalized), which is uniquely determined by the property that each object in H^{(0)} has rk_0 zero, and the torsion-free objects in H⟨0⟩ have positive rk_0. There are two exceptional tubes T^{(0)}_1 and T^{(0)}_2 in H^{(0)}, each of rank two. The structure sheaf O is lying in one of them. By [16] there is an exceptional L_0 ∈ H⟨0⟩ such that rk_0 L_0 = 1, and Ext^1(S^{(0)}_i , L_0) ≠ 0 for exactly one simple exceptional object S^{(0)}_i in the exceptional tube T^{(0)}_i in H^{(0)} (i = 1, 2). Moreover, let S^{(0)} be the direct sum of a τ-orbit of a simple object in H^{(0)} concentrated in a rational point (see [16]). Then let

0 L^{mi}_0 L^{(0)}_i S^{(0)}_i 0 be the L0-co-universal extensions of S^{(0)}_1

and S^{(0)}_2 , respectively, and let 0 L^m_0 L_0 S^{(0)} 0 be the L_0- co-universal extension of S^{(0)}. By [16] we get a tilting bundle T_2, defined by the full subcategory

L^{(0)}_1

L_0 L_0

L^{(0)}_2

whose endomorphism algebra is a canonical algebra Λ_2. Here, M := Hom(L_0, L_0) is a tame End(L_0) − End(L_0)-bimodule over R, which admits a simple regular representation with endomorphism ring isomorphic to End(O) = R. By the classification of tame bimodules over R ([5]) then M must be one of the bimodules RR_R⊕_RR_R or_CC_C ⊕_CC_C , where C is acting on the second component from the right via conjugation. But the first case is impossible, since it does not lead to a tubular symbol (see [13] and [16, Ch. 5]). Using the fact, that the Grothendieck groups of Λ_1 and Λ_2 coincide, and studying the list of tubular symbols [13], it follows that the underlying species of Λ_2 is of the form R C C C

H

C ⊕C C

H H

The “central” separating tubular family mod_0(Λ_2) in mod(Λ_2) is given by H^{(0)}, and we have coh(X_2) = H(Λ_2, mod_0(Λ_2)).

We have D^b(X_1) = D^b(X_2 ), and shifting T_2 in the derived category shows that Λ_2 can also be realized as endomorphism algebra of a tilting bundle in coh(X_1). Moreover, Λ_1 and Λ_2 are tilting-equivalent, in particular, derived-equivalent.

This proves Theorem 1.

Lemma 13. The function field of X_1 is isomorphic to the quotient field of the ring R[X, Y ]/(X^2 + Y^2 + 1), the function field of X_2 is isomorphic to the skew rational function field C (T, · ), where αT = T α for each α ∈ C .

Proof. By reduction of weights we can assume that we are in the underlying homogeneous situation (that is, all tubes are of rank one). Using the methods of [2] and [6], we see that the function field is isomorphic to the degree zero component of the total ring of homogeneous quotients of the preprojective algebra associated to the Auslander-Reiten orbit of a preprojective rank one module over the tame

hereditary bimodule algebra ( R 0 H H ) in the case of X_1, and ( C 0 C ⊕ C C ) in the

case X_2; in the first case, the preprojective algebra is R[X, Y, Z]/(X^2 + Y^2 + Z^2), graded by total degree (compare [11]); in the second case it is isomorphic to C [X, Y, · ]^{(2)}, where X is central and αY = Y α for all α ∈ C , and where the index (2) means, that we only consider the even degree part (this follows by similar arguments as in [11]).

This proves Theorem 2. Moreover, with the same arguments as in [17, Thm. 5.7], we can reconstruct mod(Λ_1) from coh(X_1 ), which proves Theorem 4.

6. Generic modules

We keep the notation from the previous sections. In particular, let Λ = Λ_1 be the tubular canonical algebra from Theorem 4, let X = X_1 be the curve associated to R[X, Y, Z]/(X^2 +Y^4 +Z^4) and T be the tilting bundle T_1 such that End(T ) = Λ. The aim of this section is to prove Theorem 5. The arguments are similar to the arguments in [14]. Therefore we will be very brief here.

First recall that an indecomposable object G of D^b(Mod(Λ)) = D^b(Qcoh(X)) is called generic [14], if it does not belong to D^b(mod(Λ)) = D^b(coh(X)), and Hom(E, G) has finite End(G)-length for each E from D^b(mod(Λ)) = D^b(coh(X)).

A Λ-module G is generic if and only if G is generic as an object of D^b(Mod(Λ)). An indecomposable quasi-coherent sheaf G is generic in D^b(Qcoh(X)) if and only if G is not coherent and both Hom(T, G) and Ext^1(T, G) have finite End(G)-length; those sheaves are called generic (compare [14]).

Let G be a generic module (resp. sheaf). Then G defines a linear form on K_0(Λ) = K_0(X) given on classes [E] of finite dimensional Λ-modules (resp. of coherent sheaves) by the expression ⟨[E], G] = ∞∑ n=0 (−1)^n lg_{End(G)}(Ext^n(E, G)).

Since the Euler form of Λ is non-degenerate there exists a unique element [G] ∈ K_0(Λ) such that ⟨[E], G] = 1 c_G ⟨[E], [G]⟩ for all E ∈ mod(Λ) (or, equivalently, for all E ∈ coh(X)) for some factor c_G ∈ N and such that [G] is not divisible by some natural number m ≥ 2. The element [G] is called characteristic class of G ([14]).

Let u = [O] + [τO] and w = [S_x], where S_x is the simple sheaf concentrated in the ordinary point x ∈ X associated to the variable X (compare Section 3). Then u, w form a Z-basis of Rad K_0(X). Recall that for each F ∈ coh(X) the rank rk F coincides with^1_2 ⟨[F], w⟩ and the degree deg F with^1_2 ⟨u, [F]⟩. Let G be a generic module. Define rk G :=^1_2 ⟨[G], w⟩, deg G :=^1_2 ⟨u, [G]⟩ and the slope μG := deg G/ rk G.

Lemma 14. Let K be an injective hull of L = O in Qcoh(X). Then (1) K is torsion-free.

(2) K is preserved by all shifts (as defined in [16, S10]). Namely, K(a) ≃ K for each a ∈ X.

(3) If L^′ is a line bundle (that is, a sheaf of rank one), then K is the injective hull of L^′.

(4) End(K) is isomorphic to the function field of X, that is, isomorphic to the quotient field of R[X, Y ]/(X^2 + Y^2 + 1).

Proof. (1) Assume that there is a simple subsheaf S of K. Since K is the injective hull of L then S is also a subsheaf of L, which is impossible, since L is torsion-free.

(2) Let a ∈ X and let S_a be a simple sheaf concentrated in a and lying in a tube of rank p(a). Then K(a) is defined by the universal exact sequence (compare the definition of the shift functor σ_a in [16, S10]) 0 K K(a) ⨁_{p(a)} j=1 Ext^1(τ^j S_a, K) ⊗_{End(Sa)} τ^jS_a 0,

where the last term is zero since K is injective.

(3) For n ≫ 0 we have Hom(L^′, L(na)) ≠ 0 (by [16, S15]; here, L(na) := σ^n_a (L)), thus L^′ embeds into K, therefore the injective hull is a direct summand of K. Since by (4) K is indecomposable, we get our assertion.

(4) Denote by ~L and ~K the corresponding elements in the quotient category

Qcoh(X) Qcoh_0(X), modulo locally finite objects (which are by definition the filtered unions

of objects of finite length). It is easy to see that End(K) ≃ End( ~K) ≃ End(~L). Moreover, by the arguments of [2, Cor. 4.7] the category^{Qcoh(X)}_{Qcoh0(X)} is semisimple

with ~L as its unique simple object, therefore^{Qcoh(X)}_{Qcoh0(X)} ≃ Mod(D), where D ≃

End(~L) is the function field.

Corollary 15. K is a generic sheaf with characteristic class [K] = w and rank zero.

Proof. Invoking injectivity of K we have for each E ∈ coh(X)

⟨[E], G] = dim_{End(K)} Hom(E, K) = rk E = 1 2 ⟨[E], w⟩. (For E a sheaf of finite length or a line bundle this follows by the preceding lemma; for arbitrary torsion-free sheaf E use a line bundle filtration as in [6, 2.6].)

Proposition 16. Each generic sheaf of rank zero is isomorphic to K.

Proof. As in [14, Prop. 4.2].

Corollary 17. Each generic sheaf G has a well-defined slope μG ∈ Q .

Proof. Follows from deg K =^1_2 ⟨u, w⟩ = 2.

Proposition 18. (1) For each q ∈ Q there is (up to isomorphism) exactly one generic sheaf G_q of slope q.

(2) For each q, q^′ ∈ Q we have Hom(G_q, G_q′ ) ≠ 0 if and only if q ≤ q^′. (3) For each q ∈ Q we have Ext^1(G_q, G_q) = 0 and End(G_q) is isomorphic to the function field of the tubular exceptional curve X⟨q⟩.

Proof. Let q ∈ Q . Let X⟨q⟩ be the tubular exceptional curve such that coh(X⟨q⟩) = H⟨q⟩ and coh_0(X⟨q⟩) = H^{(q)}. The results above also hold for X⟨q⟩ instead of X. Statement (2) follows with the same arguments as in [14, Prop. 4.9].

Proposition 19. A Λ-module G is generic if and only if it is isomorphic to either (1) G_q where 1 ≤ q ≤ ∞, or (2) G_q[1] where q ≤ 0.

Proof. This follows as in [14, Thm. 5.1].

The results of this section together with Lemma 13 prove Theorem 5.

References

1. M. F. Atiyah, Vector bundles over an elliptic curve, Proc. London Math. Soc. 3 (1957), no. 7, 414–452.

2. D. Baer, W. Geigle, and H. Lenzing, The preprojective algebra of a tame hereditary artin algebra, Comm. Algebra 15 (1987), 425–457.

3. A. Bondal and D. Orlov, Reconstruction of a variety from the derived category and groups of autoequivalences, Preprint, 1997.

4. W. Crawley-Boevey, Tame algebras and generic modules, Proc. London Math. Soc. 63 (1991), 241–265.

5. V. Dlab and C. M. Ringel, Indecomposable representations of graphs and algebras, Mem.

Amer. Math. Soc., no. 173, American Mathematical Society, 1976.

6. W. Geigle and H. Lenzing, A class of weighted projective curves arising in representation theory of finite dimensional algebras, Singularities, Representation of Algebras and Vector Bundles (Lambrecht 1985) (Berlin-Heidelberg-New York), Lecture Notes in Math., vol. 1273, Springer-Verlag, 1987, pp. 265–297.

7. , Perpendicular categories with applications to representations and sheaves, J. Algebra 144 (1991), 273–343.

8. D. Happel, Triangulated categories in the representation theory of finite dimensional algebras, London Math. Soc. Lecture Note Series, no. 119, Cambridge University Press, 1988.

9. D. Happel, I. Reiten, and S. Smalø, Tilting in abelian categories and quasitilted algebras, Mem. Amer. Math. Soc. 575 (1996).

10. D. Kussin, Graduierte Faktorialität und die Parameterkurven tubularer Familien, Ph.D. thesis, Universität Paderborn, 1997.

11. , Factorial algebras, quaternions and preprojective algebras, Algebras and Modules II (I. Reiten, S. O. Smalø, and Ø. Solberg, eds.), CMS Conf. Proc., vol. 24, Amer. Math. Soc., Providence, R. I., 1998, pp. 393–402.

12. , Graded factorial algebras of dimension two, Bull. London Math. Soc. 30 (1998), 123–128.

13. H. Lenzing, A K-theoretic study of canonical algebras, Representation Theory of Algebras (Cocoyoc, 1994) (R. Bautista, R. Martínez-Villa, and J. A. de la Peña, eds.), CMS Conf. Proc., vol. 18, Amer. Math. Soc., Providence, R. I., 1996, pp. 433–473.

14. , Generic modules over tubular algebras, Advances in Algebra and Model Theory (R. Göbel and M. Droste, eds.), Gordon-Breach, London, 1997, pp. 375–385.

15. , Representations of finite dimensional algebras and singularity theory, Trends in ring theory. Proceedings of a conference at Miskolc, Hungary, July 15–20, 1996 (V. Dlab et al., ed.), CMS Conf. Proc., vol. 22, Amer. Math. Soc., Providence, R. I., 1998, pp. 71–97.

16. H. Lenzing and J. A. de la Peña, Concealed-canonical algebras and separating tubular families, Proc. London Math. Soc. 78 (1999), no. 3, 513–540.

17. H. Lenzing and H. Meltzer, Sheaves on a weighted projective line of genus one, and representations of a tubular algebra, Representations of Algebras (Ottawa 1992) (V. Dlab and H. Lenzing, eds.), CMS Conf. Proc., vol. 14, Amer. Math. Soc., Providence, R. I., 1993, pp. 313–337.

18. H. Lenzing and A. Skowroński, Quasi-tilted algebras of canonical type, Colloq. Math. 71 (1996), no. 2, 161–181.

19. H. Meltzer, Tubular mutations, Colloq. Math. 74 (1997), no. 2, 267–274. 20. S. Mori, Graded factorial domains, Japan. J. Math. 3 (1977), no. 2, 223–238. 21. C. M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math., vol. 1099, Springer-Verlag, Berlin-Heidelberg-New York, 1984.

22. , The canonical algebras, Topics in Algebra, Banach Center Publ., no. 26, 1990, with an appendix by William Crawley-Boevey, pp. 407–432.

Fachbereich 17 Mathematik, Universität Paderborn, D–33095 Paderborn, Germany

E-mail address: dirk@math.uni-paderborn.de