GRADED FACTORIAL ALGEBRAS OF DIMENSION TWO

DIRK KUSSIN

Abstract. Extending a theorem of S. Mori [6] we characterize two-dimensional factorial algebras which are graded by a finitely generated abelian group of rank one and which are affine over an algebraically closed field. The result is related to the classification of weighted projective lines [2, 5] and to the topic of canonical algebras [7].

1. Introduction

Let k be an algebraically closed field. Let H be a finitely generated abelian group of rank one. For an H-graded algebra R over k we consider the following conditions:

(F1) R is a commutative graded factorial domain, that is, R is graded integral and each nonzero homogeneous element in R is a product of homogeneous primes.

(F2) R has graded Krull dimension two.

(F3) R is affine over k such that R_0 = k and each homogeneous unit in R has degree zero. Moreover, the group H is generated by the elements h ∈ H with R_h ≠ 0.

Note that a Z-graded algebra is graded factorial if and only if it is factorial in the ungraded sense, a fact no longer true in case the grading group will have torsion. Following [2] we introduce for a sequence of positive integers p = (p_1, . . . , p_t) the abelian group L(p) which is given by generators ⃗x_1, . . . , ⃗x_t and relations p_1⃗x_1 = · · · = p_t⃗x_t. We consider the graded algebras S(p, λ) = k[X_1, . . . , X_t]/(f_3, . . . , f_t), where f_i = X^{pi}_i − X^{p2}_2 + λ_iX^{p1}_1 (i = 3, . . . , t), and λ = (λ_3, . . . , λ_t) is a sequence of pairwise different nonzero scalars. S(p, λ) is

L(p)-graded by deg X_i = ⃗x_i. It is shown in [2] that the algebras S(p, λ) satisfy

conditions (F1)–(F3).

Theorem 1. Let R be an H-graded k-algebra satisfying conditions (F1)–(F3). Then there is a weight sequence p = (p_1, . . . , p_t) and a parameter sequence λ = (λ_3, . . . , λ_t) of pairwise different nonzero scalars, such that H and L(p) are isomorphic as groups, and such that R and S(p, λ) are isomorphic as graded algebras.

Note that L(p) ≃ Z if and only if the p_i are pairwise coprime. Theorem 1 therefore has the following consequence due to S. Mori [6].

1991 Mathematics Subject Classification. Primary 13F15; Secondary 14F05. The author wishes to thank Professor Helmut Lenzing for many helpful discussions. 1

Corollary 2 (Mori [6]). Let R be a positively Z-graded algebra which is finitely generated over k with R_0 = k. Moreover assume that {n ∈ N | R_n ≠ 0} generates

Z. Assume that R is a graded factorial domain of dimension two. Let r be the

minimum of numbers of homogeneous elements which generate R. Then (1) If r = 2, then R ≃ k[X, Y ], where (deg X, deg Y ) = 1. (2) If r ≥ 3, then

R ≃ k[X_1, . . . , X_r]/(X^{p1}_1 + λ_3X^{p2}_2 + X^{p3}_3 , . . . , X^{p1}_1 + λ_rX^{p2}_2 + X^{pr}_r ),

where p_1, . . . , p_r are pairwise coprime and deg X_i = ( ∏_r j=1 p_j)/p_i for i = 1, . . . , r and λ_3 = 1, λ_4, . . . , λ_r ∈ k^∗ are pairwise different.

The Z-graded factorial algebra R[X, Y, Z]/(X^2 + Y^2 + Z^2) over the real numbers,

where the generators have degree one (see [1, Ch. VII, §3, Ex. 6]), shows that the theorem and the corollary will not extend to the case where k is not algebraically closed.

We prove Theorem 1 by exploiting the graded sheaf theory over the graded projective spectrum X = Proj^H (R). The core of the argument is to show that R is isomorphic to the polynomial algebra in two indeterminates graded by total degree in the so-called homogeneous case, which is the case where all simple sheaves have self extensions.

The homogeneous prime elements of S(p, λ) are explicitly given in [2]. In the same paper the relation to the subject of canonical algebras is explained. The question when different weight sequences and different parameter sequences lead to isomorphic graded algebras is treated in [3, Prop. 9.1.].

Recently, the category of coherent sheaves over the weighted projective line X(p, λ) (see [2]) has been characterized by Lenzing [5]. This work provided an additional motivation for the present paper.

2. Graded Sheaf Theory

Assume that R satisfies (F1)–(F3). Let R = k[π_1, . . . , π_n] with π_1, . . . , π_n homogeneous. Without loss of generality we can assume that also the following properties are satisfied.

(F4) The elements π_1, . . . , π_n are prime.

(F5) The elements π_1, . . . , π_n are pairwise non-associated.

Moreover, H carries a natural structure of an ordered group by setting g ≤ h if and only if R_{h−g} ≠ 0. This is the case if and only if there are α_1, . . . , α_n ≥ 0 such that h − g = ∑_n i=1 α_i⃗x_i, where we denote by ⃗x_i the degree of π_i (i = 1, . . . , n).

Let tH be the torsion subgroup of H. Since H/tH ≃ Z and the ordering on H induces an ordering on Z it follows that each component R_h (h ∈ H) is of finite dimension.

Let X = Proj^H (R) be the projective spectrum of R, that is, the set of all homo-

geneous prime ideals which are different from rad^H R = (π_1, . . . , π_n) (compare [3, §7]). Since R has graded Krull dimension two, X has dimension one. Since R is graded factorial, each homogeneous prime ideal of height 1 is principal and X is non-singular (that is, R_x is graded regular for all x ∈ X).

In the following let x_i ∈ X be the closed point which corresponds to π_i for each i = 1, . . . , n. If we write x ∈ X we tacitly assume that x is a closed point, that is, x is not generic. For x ∈ X we denote by π_x a corresponding homogeneous prime element in R which is unique up to scalars. For each x ∈ X we denote by ⃗x the degree of π_x in R. The abelian group H is generated by the degrees ⃗x_i of π_i (i = 1, . . . , n). Similar, for a homogeneous element r ∈ R \ {0} we denote by ⃗r the degree of r.

Denote by coh^H (X) the abelian category of H-graded coherent sheaves on X. The group H acts on coh^H (X) as a group of automorphisms by shifting degrees; the shift of F ∈ coh^H (X) by h ∈ H is denoted by F(h). We have Γ_H (X, OX(h)) ≃ R(h) for each h ∈ H as in [2, equation (1.5.5)], where Γ_H is defined as in [3, §7]. We remark that most of the statements proved in [2] remain valid in our setting, compare also [3].

The next lemma follows by graded factoriality. Denote by Pic X the Picard group

of X, that is, the set of isoclasses of line bundles in coh^H (X).

Lemma 3. The assignment h → O(h) induces an isomorphism H −→ Pic X.

Proposition 4. Let π ∈ R \ {0} homogeneous. Then (1) Multiplication by π induces a monomorphism O −→ O(⃗π). (2) The cokernel is simple if and only if π is a homogeneous prime element; the cokernel then is concentrated in Rπ ∈ X. (3) Each simple sheaf is up to shift such a cokernel.

(4) Let S be a simple sheaf which is concentrated in x ∈ X. If y ∈ X and y ≠ x then multiplication by π_y induces an isomorphism S ≃ S(⃗y).

Proof. (1) Since R is graded integral, it is clear that multiplication by π induces a monomorphism O −→ O(⃗π).

(2), (4) Consider the exact sequence 0 O O(⃗π) S 0. If π is prime, it induces for x ∈ X an isomorphism R_x −→ R_x(⃗π), which means S_x = 0, if and only if x ≠ Rπ; if x = Rπ, then πR_x is maximal in R_x(⃗π), hence S_x simple. Conversely, let S be simple. Assume π = r · s with r, s ∈ R homogeneous. We then have the diagram 0 O^{·π} ·s O(⃗π) S 0

0 O(⃗s)^{·r} O(⃗π) S^′ 0. It follows that S^′ = 0 or S^′ ≃ S, whence r or s is a unit.

(3) Let S be a simple sheaf. There is a line bundle L_1 such that HomX(L_1, S) ≠ 0 (compare [2, Cor. 1.8.3] and Serre’s theorem [3, Thm. 7.3]), hence there is a

second line bundle L_2 with an exact sequence 0 L2^f L1 S 0. Then by Lemma 3 there are h_1, h_2 ∈ H with L_1 ≃ O(h_1), L_2 ≃ O(h_2). Since

HomX(O(h2), O(h1)) = Rh1−h2 , the morphism f is induced by multiplication with

a homogeneous element. Then apply (2).

Proposition 5. Let x ∈ X. There are (up to isomorphism) only finitely many simple sheaves which are concentrated in x. If x ∉ {x_1, . . . , x_n}, then there is (up to isomorphism) exactly one simple sheaf concentrated in x.

We denote by p(x) the number of isoclasses of simple sheaves which are concentrated in x and call p : X −→ N the weight function of X.

Proof. Let x, y ∈ X with y ≠ x. Then ⃗y > 0, and by the assumption on H we have that H/Z⃗y is finite. Let S be a simple sheaf which is concentrated in x and H_x = {h ∈ H | S ≃ S(h)}. Then Z⃗y ⊂ H_x by Proposition 4, thus p(x) = [H : H_x] is a finite number.

Furthermore, since ⃗x_1, . . . , ⃗x_n generate H, we have for x ∉ {x_1, . . . , x_n} that H_x = H, which means p(x) = 1.

Proposition 6 (Serre Duality). There is a dualizing element ω ∈ H, that is, for each F, G ∈ coh^H (X) there is a natural isomorphism

D Ext^1X(F, G) ≃ HomX(G, F(ω)).

Here, D denotes the functor Hom_k(−, k).

Proof. The proofs of [4, III. 7] can be transferred to the graded situation, compare also [2].

Remark. Let x ∈ X and S be a simple sheaf concentrated in x. By Serre duality it follows from Proposition 4 that S(ω) ≃ S(−⃗x). Thus, p(x) > 1 is equivalent to Ext^1X(S, S) = 0.

3. The Case of trivial Weights

Throughout this section we assume that R satisfies (F1)–(F5) and that p(x_i) = 1 for all i = 1, . . . , n. We then have p(x) = 1 for all x ∈ X. We are going to show that R is isomorphic to the polynomial algebra k[X, Y ], graded by total degree. Let K denote the function field of X, which consists of all fractions^r_s where r, s ∈ R are homogeneous, s ≠ 0 and ⃗r = ⃗s. For each F ∈ coh^H (X) define the rank rk(F) = dim_K(F_ξ)_0, where ξ denotes the generic point. Then rk(F) = 0 if and only if F has finite length.

Let K_0(X) be the Grothendieck group of coh^H (X). Define linear forms χ, deg : K_0(X) −→ Z by

χ(F) := dim_k HomX(O, F) − dim_k Ext^1X(O, F)

(which is well-defined by Serre duality and since Ext^2X(−, −) = 0) and

deg(F) := χ(F) − rk(F) · χ(OX)

for all F ∈ coh^H (X).

Lemma 7. Let S be a simple sheaf. Then deg(S) = 1.

Proof. Let S be concentrated in x = p ∈ X. Since deg(S) = χ(S) and Ext^1X(O, S) = 0 by Serre duality it is sufficient to show that dim_k HomX(O, S) = 1. We have for open V ⊂ X

S(V ) = { S_x x ∈ V, 0 x ∉ V. Let f ∈ R homogeneous prime, which is not in p. Let U := X_f . Then HomX(O, S) ≃ HomO_{|U} (O|U , S|U ) ≃ HomR[f^{−1}](R[f^{−1}], S), where S is a simple graded R[f^{−1}]-module. Since k is algebraically closed, the lemma follows by the following proposition.

Proposition 8 (Hilbert’s Nullstellensatz). Let A = k[z_1, . . . , z_n] be a finitely generated k-algebra, which is graded by an abelian group H such that k ⊂ A_0 and z_1, . . . , z_n are homogeneous. If A is a graded field, then dim_k A_0 < ∞.

Proof. The k-vector space A_0 is generated by the products z^{α1}_1 · · · z^{αn}_n where ∑_n i=1 α_i deg z_i = 0. Since the kernel of the homomorphism Z^n −→ H, e_i → deg z_i is finitely generated, so is the k-algebra A_0. Now the assertion follows by the ungraded Nullstellensatz.

By shifting the exact sequences 0 O O(⃗xi) S_i 0, where S_i is the simple sheaf concentrated in x_i, it follows inductively by the lemma that for all integers α_1, . . . , α_n we have deg(O( ∑_n i=1 α_i⃗x_i)) = ∑_n i=1 α_i.

Hence there is a homomorphism δ : H −→ Z with δ(h) = deg(O(h)) for all h ∈ H. Now, if π ∈ R_h \ {0}, then π is prime if and only if δ(h) = 1. Thus the set of homogeneous prime elements of R equals ⋃_n i=1 R_{⃗xi} \ {0}. Proposition 9. Assume p(x_i) = 1 for i = 1, . . . , n. Then R is isomorphic to k[X, Y ], graded by total degree.

Proof. There are i, j ∈ {1, . . . , n} with i ≠ j such that ⃗x_i = ⃗x_j. (Otherwise π_1, . . . , π_n are up to association the only homogeneous prime elements; on the other hand, there is an m > 0 such that m⃗x_1 = m⃗x_2, thus we have infinitely many non-associated homogeneous elements π^m_1 −λπ^m_2 (λ ∈ k) of the same degree, which gives a contradiction.) Without loss of generality let ⃗x_1 = ⃗x_2. Then S = k[π_1, π_2] is a graded Noether normalization of R, that is, S is graded regular and R a finitely generated graded S-module (since R/(π_1, π_2) is graded artinian there is an r > 0 such that (π_1, . . . , π_n)^r ⊂ (π_1, π_2)). Therefore the induced morphism of schemes f : X −→ P^1(k), p → p ∩ S is finite and hence closed.

In particular, for i = 3, . . . , n we have Rπ_i ∩S = Sπ^′_i, where π^′_i ∈ S is homogeneous prime, hence of the form α_iπ_1 + β_iπ_2 (α_i, β_i ∈ k). Thus, we have for i = 3, . . . , n

π_i ∼ α_iπ_1 + β_iπ_2,

which proves the proposition.

4. Reduction of Weights

Assume that R satisfies conditions (F1)–(F5). Let p_i = p(x_i) ≥ 1 be the number of simple sheaves which are concentrated in x_i (i = 1, . . . , n). If S is a simple sheaf concentrated in x, let H_x := {h ∈ H | S ≃ S(h)}.

Lemma 10 (Reduction Lemma). Assume that p_1 > 1. Let H^′ be the subgroup generated by ⃗x_2, . . . , ⃗x_n, let R^′ = k[π^{p1}_1 , π_2, . . . , π_n]. Then (1) p_1 = min{l > 0 | l⃗x_1 ∈ H^′} = |H/H^′|. (2) H^′ = H_{x1} . (3) R^′ = R_{|H}′ . (4) The H^′-graded algebra R^′ satisfies conditions (F1)–(F5).

Let X^′ := Proj^{H′} (R^′), p^′ : X^′ −→ N be the weight function of X^′, let x^′_1 ∈ X^′

correspond to π^{p1}_1 and let x^′_i ∈ X^′ correspond to π_i (i = 2, . . . , n). Then (5) p^′(x^′_1) = 1, p^′(x^′_i) = p_i for i = 2, . . . , n.

Proof. (1), (2) Recall that p_1 = [H : H_{x1} ]. By Proposition 4 (4), H^′ ⊂ H_{x1} . Therefore, H_{x1} ∩ Z⃗x_1 = Zp_1⃗x_1. Let ∑_n i=1 α_i⃗x_i ∈ H_{x1} . Then also α_1⃗x_1 ∈ H_{x1} , thus α_1 ∈ Zp_1. But p_1⃗x_1 ∈ H^′ because there exists a homogeneous unit of degree p_1⃗x_1 in the localization R_{x1} . Therefore, H^′ = H_{x1} . (3) By the same arguments.

(4) We have dim^{H′} R^′ = 2, since dim^{H′} R^′ = dim^H R^′ and R is finitely generated as H-graded R^′-module.

(5) p^′(x^′_1) = 1 is clear because of Proposition 4. Let i ∈ {2, . . . , n}. It is enough to show that H^′ ∩ H_{xi} = H^′_x′_i because then H^′/H^′_x′_i ≃ H^′ + H_{xi} /H_{xi} = H/H_{xi} . The inclusion R^′_x′_i −→ R_{xi} shows H^′ ∩ H_{xi} ⊃ H^′_x′_i . On the other hand we have H^′ ∩ H_{xi} ⊂ H^′_x′_i since obviously R_{xi |H}′ = R^′_x′_i .

Corollary 11. (1) p_1⃗x_1 = p_2⃗x_2 = · · · = p_n⃗x_n. Moreover, H ≃ L(p) as ordered groups, where p = (p_1, . . . , p_n).

(2) There are pairwise different λ_i ∈ k^∗ with π^{pi}_i ∼ π^{p1}_1 − λ_iπ^{p2}_2 (i = 3, . . . , n).

Proof. The subalgebra k[π^{p1}_1 , π^{p2}_2 , . . . , π^{pn}_n ] of R satisfies (F1)–(F5) and has only trivial weights. By the proof of Proposition 9 we have p_1⃗x_1 = · · · = p_n⃗x_n. Because of Lemma 10 (1) these are the only relations.

Proof of Theorem 1. Let us assume that p_1 ≥ p_2 ≥ · · · ≥ p_s > 1, p_{s+1} = · · · = p_n = 1. Define r = max{2, s}, p = (p_1, . . . , p_r), λ = (λ_3, . . . , λ_r). Then

H ≃ L(p) is clear. Also R = k[π_1, . . . , π_r]. Consider the epimorphism ϕ :

k[X_1, . . . , X_r] −→ R, X_i → π_i. Because of Corollary 11 this induces an epimorphism ϕ : S(p, λ) −→ R. Since R and S(p, λ) have the same graded Krull dimension this is an isomorphism.

References

1. N. Bourbaki, Commutative algebra. Chapters 1–7, Elements of Mathematics, Springer-Verlag, Berlin-Heidelberg-New York, 1989.

2. W. Geigle and H. Lenzing, A class of weighted projective curves arising in representation theory of finite dimensional algebras, Singularities, Representation of Algebras and Vector Bundles (Lambrecht 1985) (Berlin-Heidelberg-New York), Lecture Notes in Math., vol. 1273, Springer-Verlag, 1987, pp. 265–297.

3. , Perpendicular categories with applications to representations and sheaves, J. Algebra 144 (1991), 273–343.

4. R. Hartshorne, Algebraic geometry, Springer-Verlag, New York-Heidelberg-Berlin, 1977. 5. H. Lenzing, Hereditary noetherian categories with a tilting complex, Proc. Amer. Math. Soc.

125 (1997), no. 7, 1893–1901.

6. S. Mori, Graded factorial domains, Japan. J. Math. 3 (1977), no. 2, 223–238. 7. C. M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math., vol. 1099, Springer-Verlag, Berlin-Heidelberg-New York, 1984.

Fachbereich Mathematik-Informatik, Universität-GH Paderborn, 33095 Paderborn, Germany E-mail address: dirk@uni-paderborn.de