Je ne fais pourtant de tort a personne,

En suivant les ch’mins qui n’ mén’nt pas & Rome,
Mais les brav’s gens n’aiment pas que

L’on suive une autre route qu’eux...

To Emma, the child who will grow

PRIMARY CYCLOTOMIC UNITS AND A PROOF OF
CATALAN’S CONJECTURE. DRAFT

PREDA MIHAILESCU

ABSTRACT. Catalan’s conjecture states that the equation z? — y¢ = 1 has no
other integer solutions but 32 — 23 = 1. A classical result of Cassels and our
recent consequence establish that p, g must verify a double Wieferich condition
if the equation has integer solutions with p,q odd. If p = 1 mod g, then
a contradiction to the above follows from Baker’s methods in transcendence
theory. If p Z 1 mod g, then the Galois group of Q(¢)/Q has order coprime
to q. We show that the existence of solutions to Catalan’s equation produces
an excess of ¢ — primary cyclotomic units in this case. This fact leads to a
contradiction which proves Catalan’s conjecture.

1. INTRODUCTION

Journal de Crelle published the following small note of E. Catalan in its volume
27 of 1844 (Fig. 1): ”Sir, please state the following theorem in your journal; I
believe it to be true, although I could not prove it completely so far: others might
be luckier. "Two consecutive integers, other then 8 and 9, cannot be exact powers.
In other words, the equation ™ — y™ = 1 admits no solution in the positive in-
tegers’ ”. The young répétiteur had made a reputation with his elegant solution
to the problem of dissecting a polygon into triangles by means of non-intersecting
diagonals, but had a career which was strongly handicapped by his extreme left
wing views and activities. Whether correlated to this or only coincidentally, the
published note appears as lost in an attic, among the errata to the last volumes of
Crelle.

Briefly, Catalan conjectured that the equation XU —YV = 1 has no other solution
in positive integers except 32 — 23 = 1. If such a solution would exist and p|U and
g|V are primes, it is clear by setting © = X U/P and y = Y/, that a solution exists
to the equation:

(1) P —y9 = 1 with p, ¢ distinct primes
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If x,y are coprime integers and n > 1, an elementary calculation shows that
"+ y"
Tty
One writes z = (z + y) F y and then expands. This fact (see e.g. [36] P1.2)
was known at Catalan’s time and had been used to distinguish the two cases of
Fermat’s Last Theorem. Applying it to (1), one obtains the following alternatives,
which were obvious for Catalan:
Case I If (p, w;%ll) =1 then:

,wiy)ln

P_1
(x—1)=r1, Z lzsq and y=rs.
Case II (p, f::ll) = p then:
P 1
(x—1)=p?'-a9, z 1 =p-v? and y = pav.
x_

The analogous cases distinction hold for y9 + 1.

In 1850, Lebesgue proved [22] that the equation z” = y? + 1 has no positive
integer solutions. He thus solved (1) for the case ¢ = 2.

The note from 1844 seems to have been forgotten for almost hundred years. The
question regained actuality in the post World War II years with Cassels’ funda-
mental proof of the fact that the Case I of Catalan’s equation with odd exponents
had no solutions. Considering more generally the integer solutions of (1) with odd
exponents, Cassels notes that if (z,y,p,q) fulfill (1), then so does (—y,—=z,q,p);
certainly, if the equation has no solution in the integers, it has none in the natural
numbers. Using the above simple symmetry, Cassels proved: for any non trivial
solution (z,y,p, q) of (1), with p,q odd primes, the following relations hold:

@) z—1 = pi~ta? and zz::ll = p!, Yy = paw
y+1 = qpflbp and yy_:—ll = quP, r = qbu,

where a,b and u, v are integers for which (pa,u) = (¢b,v) = 1.

Like a long aged wine which had gained in flavor and mystery, Catalan’s conjec-
ture now attracted a varied line of researchers. The case p = 2 was finally solved in
1960 by Ko Chao [18] and his solution was made available to the western readers
in 1964, [19]. Together with Lebesgue’s result and Cassels’ milestone, it was here-
with known that any solutions of (1) other then 32 — 23 = 1 had to verify (2). In
particular, if Catalan’s equation has a solution, then

— oy
() o1 =

for some v € Z. This equation allows the investigation of Catalan’s equation in
cyclotomic fields, since it is equivalent to

x —
(4) N(l g>=vq, with (P =1, ( #1.

Hyyr6 and Inkeri exploited various consequences of Cassels’ work in a series of
ingenuous, elementary papers, thus finding bounds on |z|, |y| and relations between
these unknowns and Fermat quotients of p mod ¢ and ¢ mod p. In 1964, Inkeri
used several of these results and applied to the equation (4) a looesly related idea to
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the one Eichler had used in his celebrated theorem [9] on the First Case of Fermat’s
Last Theorem.

He found the following criterion: if (1) has a solution with odd p, ¢, and p = 3
mod 4, then

(5) glh(Qv/=p)) or p"'=1 mod ¢,

and symmetrically in p,q. Here h(Q(y/—p)) is the class number of the quadratic
subfield of the cyclotomic field Q(¢). Primes p,q verifying p?~! = 1 mod ¢?
and ¢! = 1 mod p? arising in Inkeri’s condition were subsequently called dou-
ble Wieferich prime pairs, an evident analogy to the famous condition 2P~! = 1
mod p?, which Wieferich had shown at the beginning of the 20-th century to be
necessary for primes for which the First Case of Fermat’s Last Theorem would fail.
We shall refer to ulterior developments of Inkeri’s work as the algebraic track.

Baker’s fundamental results (1964) on linear forms in logarithms had soon a ma-
jor impact on the study of Catalan’s equation. Using A. Baker’s great ” Sharpening”
papers for linear forms in the logarithms of algebraic numbers [2], R. Tijdeman [45]
showed in 1976 by an ingenious argument that there is an effectively computable
bound on the size of p and ¢ satisfying (1). Thus Tijdeman proved that the number
of solutions of (1) is finite. Although he did not give explicit bounds himself, it is
possible to obtain them from [45]; in fact Langevin proved [20] in the same year
that p,q < 10'°. There has been a long series of developments of this analytic ap-
proach, the transcendence track; it started with Glass et. al. [10] (1994) bringing
Langevin’s bound down to the order of 1026. Further development including the
works of [3], [4], [30], [31] continually improved the upper bounds for p and g. The
best upper bounds proved up to date are p < 7.15- 10!, ¢ < 7.78 - 109, [31].

While the goal of the transcendence track was to reduce the upper bounds on
the exponents, improving (5) and eventually uncoupling the criteria in that relation
was the algebraic goal. Works of Inkeri [15], Mignotte [26], Schwarz [39] and Steiner
[42] consequently strengthened the class number part in (5).

In the 90’es computational efforts have been made for obtaining lower bounds on
the exponents, by verifying the Inkeri type conditions on a computer. This third,
computational track was most actively represented by M. Benett and M. Mignotte,
who added several ingenious elementary criteria in order to rule out isolated cases
that would not contradict the current Inkeri type criteria.

On the algebraic track a major advance was achieved in spring 1999, when
Bugeaud and Hanrot first succeeded to uncouple the class number condition from

(5) and prove that g|h,, ifqg > £- (1 + 10; q). With their result, two double Wieferich

pairs, (2903,18787) and (911,318917), which resisted both the Inkeri criteria and
a special condition found by Mignotte, were ruled out and, based on the computer
results of the latter, the lower bound p,q > 10 were proved [31].

In the fall of the same year, the second relation in (5) was shown [33] to hold
unconditionally too. Furthermore, using results of Hyyr6 on the Fermat quotients of
p, q, one proved that (z,y, p, q) verify (2), then also ¢?| and p?|y. The independent
double Wieferich criterion highly simplified computer verifications and Mignotte
could announce in March 2000 the lower bound p,q > 107. It appears [11] that
ulterior computations led also by J. Grantham pushed these bounds as far as p,q >
3-10%. It was however evident that in order to reach a cross over point of the
lower and upper bounds, computer efforts would not suffice for a long time, unless
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the upper bounds could still be improved. It was a spread expectation [11], that a
breakthrough could happen this way.

An important consequence of the double Wieferich criterion is the fact that
if p =1 modgq then p = 1 mod ¢* and a fortiori, p > ¢>. It does not take
the utmost sophistication of the linear forms in logarithm apparatus which has
been developed since Tijdeman for gaining upper bounds on p, ¢, in order to prove
that p > ¢? is impossible. We provide in Appendix B a simple proof thereof,
which is based directly on Tijdeman’s arguments and was kindly provided by A.
Glass. As mentioned above, Hyyrd also ingeniously worked out lower bounds on
|z|, |y| from Cassels’ relations. For the self containment of this paper, we add in
Appendix A a proof of a slightly stronger bound, which we shall use in this paper.
It should however be menitioned, that the older bounds proved by Hyyro [13] are
also sufficient for the present proof.

Based upon the works of Lebesgue [22], Ko Chao [19], Cassels [7], [8], Tijdeman
[45], myself [33] and the two appendixes, the results which will be used subsequently
are grouped together in the following:

Theorem 1. If Catalan’s equation has solutions other then 3% — 23 = 1, then
p,q > 10°,

(6) p#1 mody,

(7) 2| > (¢*72/2)*,

Cassels relations (2) and their consequence (4) hold. Also, the double Wieferich
condition

(8) p '=1 mod¢® and ¢ '=1 modp?
and the quadratic divisibility

9) P lz and p*luy.

must hold.

Throughout this paper, we assume that (z,y,p, q) verify Catalan’s equation (1)
and consequently all the conditions of this theorem are fulfilled.

We close this succinct historical overview with the observation that Cassels’
ruling out of the First Case of Catalan’s equation, suggested by analogy to the
more investigated Fermat’s Last Theorem, that Catalan’s might be a plus part
problem. The present proof leads this observation to a successful end. We enclose
in Appendix C more suggestive motives both relating and distinguishing Catalan’s
and Fermat’s equations.

We refer readers wishing to know more about the subject to Ribenboim’s rich
historic overview [36] of Catalan’s problem and Mignotte’s expert [31] review of
recent results, for further important information.

2. PREREQUISITES IN CYCLOTOMIC FIELDS

Let ¢ € C be a primitive p—th root of unity and Q(¢) the p—th cyclotomic
extension. The maximal real subfield of Q(¢) is K = Q(¢)* = Q(¢ + ¢) and its
ring of integers is Z[¢]* = Z[¢ + (]. We shall let P = {1,2,...,p— 1} and P* =
{1,2,...,(p—1)/2} C P and write o, for the automorphism of Q(¢) with ¢ — (¢, for
¢ € P. Tt induces an automorphism o, of K, such that o’,({+¢) = (¢°+(¢); obviously

oL, =0, . and Gt = Gal (K/Q) = {0, : ¢ € P*}, while G = Gal (Q(¢)/Q) =

p—c
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{oc: ¢ € P}. If o generates G, its restriction o’ generates GT = {¢'° : c€ PT }.
The action of the group rings Z[G], Z[G™"] is written multiplicatively and complez
conjugation is an automorphism of Q(¢) and an element of the group ring, which
we denote by j € Z[G].

2.1. The embedding of Gt in (G. We shall often consider the action of § € GT
on elements 7' = v -7 = y177 € K, where v € Q(¢). It is practical to consider this
as an action of ©® = (1 + 7)@ on -, thus

¥® =y = ()"

This action can be considered as the composition of 1 + 3 € G, which maps ¥
into K, with § € G*. The expression ©® = (1 + 7)8 is understood formally as the
composition of 1+ 7 with a lift of 6 to G. Explicitly § = 3 __p+ ncol € GV is lifted
by lifting 0., to o, and thus

O=(1+)0= Z Ne (0c + 0p—c) € G.
cePt

ceP

2.2. Catalan’s equation. Consider briefly some consequences in Q(¢) of the ex-
istence of solutions to (1). We shall write a = TT_E and a. = o.(a). Note that (3)
becomes

(10) N(a) = v?

and there is an ideal A = (a,v) C Z[(] with ¢ = (a). Let A’ = A7 C Z[(]* and
o' =a-a@ € Z[¢]*. We collect some handy properties of o, 2(, 2" in the following;:
Lemma 1. The ideals o,(A), o0 (A) are coprime for distinct a,b € P. Furthermore,
if 0 =€ Z[G]* annihilates A" in the class group of KV, then there is a p € Z[(]*
together with a real unit § such that

(11) a®=a =/’ =5.p7=1-¢0)"® mod PZ[]".

Proof. The ideal containing both o, (%), o5 (2(), also contains the weighted difference
(1 =¢"ag — (1 = ¢P)ay) = ¢ — ¢ and it is thus at most divisible by the ramified
prime p lying above p. But by (2), a =14+ m-p™~1/(1 - () for (m,p) = 1 and
some n > 2. It is thus coprime to p.

For the proof of (11), we observe that the existence of 6, p is a direct consequence
of 6 annihilating A'; the congruence then follows from (8) and (9). O

2.3. Units. We let E C Z[(]* denote the real units of Q(¢) and the cyclotomic
units of K be the multiplicative group C generated by

CC_?, ce P.
(—¢

It is also common to write U =< —( > xU C Z[¢], with U = E or U = C, for the
respective units of Q(¢). The cyclotomic units C are of finite index in E and the
analytic class number formula [46] states that

h(K) =[E: C].
A common notation [43] is W = E/C, so h(K) = |W]|.
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Definition 1. An element v € Z[(] is g—primary if there is a v € Z[(] such that
y=v?! mod ¢ - Z[(].

The g—primary numbers are ¢ — adic g—th powers. In particular, a cyclotomic unit
e € C is g—primary, if it is congruent to a g—th power modulo ¢*Z[(]*. We denote
the q—primary cyclotomic units by C,.

Remark 1. It is more usual to encounter p—primary elements in the p—th cy-
clotomic extension. One can consider the g—primary ones as such of the pg—th
extension, which happen to be elements of the subfield Q(¢) of this extension. It is
in particular true that q—primary units of K generate class fields of degree q over
Q(Cpq)- We shall show that the congruence (11) gives naturally rise to g—primary
units and the strategy of our proof consists in fact in showing that all cyclotomic
units must be g—primary, if Catalan’s equation has more then one nontrivial solu-
tion.

The double Wieferich relation (8) implies that p = N(1 — () is g—primary.
The question of generalizing the (8) to the cyclotomic field lays at hand. Let L =
{(=0)"-(1=¢)° :n € N,0 : Z[G]} be the multiplicative subgroup of Q(¢)* which
is generated by (1 — ¢) and —( and L, be the subset of g—primary elements in L.
Our questions is equivalent to estimating the size of the F,;[G] - module L,/LA.

The following lemma shows that L/L, and C'/C, are annihilated by the same
module:

Lemma 2. Let g generate (Z/p-7)* son = CZ%%Q generates the cyclotomic units
as a Z[G] - module; then

(12)1-¢=n"-p"-p9, with T € Z[G],
peEQC) and r-(p—1)=1 modgq.

Proof. Let N(X) = X;__ll_ L Since XP~! — 1 is separable over, the polynomials

F,[X], (N(X), (X — 1)) =1 over F,[X]. There is thus a linear combination
NX)u(X)+ (X —1)w(X) =1—qh(X).

We now substitute the generating automorphism o, € G for X and apply the above
identity to (1 — ¢). We obtain

(1=0) = (1= Q)" . pu@) . (1= )1h@) =y . pr . s,

which is essentially (12). Note that (1 — ¢)°~! € C and since ¢ is a g—th power,
we have (1 —()°~! = n- (¢g—th power). By taking norms on both sides, since N ()
must be a power of p, the equivalence r- (p — 1) =1 mod ¢ follows too. O

Remark 2. Since p" - u? is q—primary, (12) clearly shows that if 6 annihilates
C/Cy, then (1 — Q) (+29 s g—primary and thus 6 annihilate L/L,. This lemma is
an technical step of our proof. The use of the information it yields can be circum-
vented; it is most relevant for reflecting the relation between q—primary units and
generalized double Wieferich conditions.

We now show that all cyclotomic units cannot be g—primary, at least if p > ¢:

Proposition 1. If C; = C then ¢ > p.



PROOF OF CATALAN’S CONJECTURE 7

Proof. Suppose that all cyclotomic units are g—primary, i.e. €y, = C. Since ( is
a g—th power, then C will be primary too. In particular, 5. =1+ (¢, ¢ € P are
g—primary, i.e. 1+ (¢ =v? mod ¢? - Z[¢]. If ¢-r' = 1 mod p, the congruence
modulo ¢ shows that we must have plainly v = 1 + ¢ mod ¢ - Z[(]. Writing
v=1+4(" +q-~, with v € Z[¢] and raising to the g—th power, we find 7 =
1+ ¢+ O(g?), so

(13) 1+¢=1+¢")"  mod ¢*- Z[(].

Consider now the polynomial

F(X) = ( (1+X)qq._)§1+Xq) mod CI) :];(_l)k -Xk_l/k‘ € F,[X].

Let 9 be some maximal ideal of Z[(] above ¢ and L = Z[(]/Q C F,, a field of
characteristic ¢. By (13), it follows that X, = ¢°” mod Q € L are zeroes of F,
for all ¢ € P. But (¢ — (%) = g, the ramified prime above p and since p, q are
distinct primes, the powers of ¢ are all distinct modulo Q and F' has at least p— 1
zeroes in L. Since L is a field, F' cannot have more then ¢ — 2 distinct roots in L,
soq—2>p—1and q > p, as claimed. O

2.4. Group ring representations. In this subsection we consider representations
of group rings acting on K; we write these actions multiplicatively, while the module
structures are written, as usually, additively.

Let S be one of Z,, Z/(¢" -Z), F,. Since q f (p — 1), the polynomial XP~1 —1
is separable over S and there is some extension S’ D S in which this polynomial
splits in linear factors. Let X(S’) be the set of Dirichlet characters on G with
images in S’. The representation of G in S’ is semi simple and we have the usual
idempotents

ex(8) =2/(p—1) Y x(0a)- 05"

a€c P+

2.4.1. Irreducible modules, annihilators and supports. These idempotents
depend on S. In fact, any character x € X(Z/) maps to x mod ¢" -Z} € X(Z/(¢q" -
Z))' and, conversely, there is a unique lift from X(Z/(¢" - Z)) to X(Z}).

If < x > is the S - orbit of x € X(S5’), then the traces

p(x) = Z X' = Trss(x)
x'e<x>

are S - valued. We let R(S) = {p(x) : x € X(5")}, the S - irreducible characters of
G, [24], Chap. 9. If ¢’ generates G, we have the following:

Lemma 3. For each irreducible character p € R(S) there is an irreducible factor
fo(X) of X®=1/2 — 1 over S for which

p-S[GT] = S[GT]/ (£p("))

the isomorphic modules being irreducible over S. In particular, S[GT] is a direct
sum of irreducible modules:

(14) Sla*1= @ rSlGtI= D SIGT) (£,(0)).

PER(S) PER(S)
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Furthermore, if M is an S[G] - module, then there is a subset &(M) C R(S) such
that:
(15) M= @@ pM and pM#0, Vpe &(M).

PEG(M)

Proof. Note that the map X mod (X®~1/2 —1) = ¢’ induces an isomorphism of
the S - algebra S[X]/ (X(=1)/2 — 1) in S[G*]. The proof of (14) follows by use of
this isomorphism and common facts on irreducible representations of group rings
[24], [46]. The direct sum (14) induces the representation (15) of M as a direct
sum. We obtain G(M) by removing the trivial terms from this sum. O

Definition 2. Let S be as above. If M is an S[GT] - module and &(M) is the set
defined by (15), the cyclic module

M-= @ p-SGT] c S[GT]

PEG(M)
is called the support of M in S[GY); if M is cyclic, then M = M~*. Also
MT= @ p-SGT] c SGT]
PE(R\&(M))

is the annihilator of M and if M is cyclic, then M = S[GT]/M". Furthermore,
the generators Q(T) of the cyclic modules T = M+ and T = M " are called the
effective support and the minimal annihilator of M, respectively.

Any element v € K* generates a Z/(¢~ - Z) - module

My(y) = {7’ mod (K*)*" :6 € Z[G*]}.
The notions of support and annihilator of v apply to this module.

We list now some important properties of supports and annihilators.
Lemma 4. Let M be an S[G] - module. We have

(16) (MT)" = Mt
and equivalently,
(17) QM) -QMT) =0,

as elements of S[GT].

Suppose that M is a finite Abelian q - group on which Gt acts, making it into a
Z/(gN - Z) - module, for some N > 0.

Then, for any p € R(Z/(¢N-Z)) and p = p mod q-Z/(¢V-Z) € R(F,) we have:

(18) p- M £0 5- (M/(gM)) £0
and S(M) = S(M/qM).
Proof. The relations (16) and (17) are consequences of the complementarity of

support and annihilator, as reflected, for instance, by the following relation, that
reformulates the definitions:

GM)e6M")=S.
Suppose that M is a finite Abelian ¢ - group; if p(M/qM) # 0, there is a

x € pM\ q- (pM) and thus pM # 0. Conversely, let 0 < n < N be the height of
pM, so q"(pM) = 0 but ¢"~L(pM) # 0. If x generates pM, it has order ¢" and the
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order of gz is n — 1. It follows that z; = (z mod ¢M) € (p)(M/qM) and z; # 0,
so p(M/qM) # 0, which completes the proof of (18). a

Applied to units, the lemmata and definitions of this subsection yield the capital
Proposition 2. Let D = Cy/CY, a cyclic Fy[GT] - module. If e € E is annihilated
modulo EY by the module D+, then € € C - E1. Furthermore, if € is g—primary,
then € € E1.

Proof. Note first that C being cyclic, so are C? and Cy, as Z[G] - modules. It
follows that C,;/C? is cyclic as an F,[G*] - module.

Let W = E/C and W(q) = W/W?. Then the cyclotomic units n € E?\ C1?
which are g—th powers of cyclotomic units in E, lay in W(q)* - C. A fortiori
W (q)*+ C D+, since the g—th powers are also g—primary — hence W(q)T D DT, by
(16). The hypothesis implies, by (16), that the support € is in D T. Consequently,
¢ € W(q) "E and by definition of annihilators,

W(g)"-ECW(q)" - (CEY),
which proves the first assertion.
For the second statement, let ¢ = 5 - d%, with n € C and § € E. Since ¢ is

g—primary and is annihilated by D', it follows that 7 is a g—th power, which
completes the proof. a

2.4.2. Lifts and weights.
Definition 3. If ¥ = 3" 4 t. - 0. € F[GT], its canonical lift to Z[G] is

T = E ne-0. with 0<n.<q and n. modq=t,..
cepP+
The augmentation map w, : Fy[G] — F, is the homomorphism ¥ — 3" t.; its
restriction to F,[GT] is defined similarly. The integer augmentation map will be
denoted by m : Z|G] — Z. We refer to the values of the augmentation map as
wetghts. For ¥ € F,[G] we define its canonical weight to be:

#(T) == 7(T) € N,
Note that the canonical weight is by definition positive. Also, for ¥ = (1 + )%,
with ¢ € G*, we will have
(W) =2 7).
If M C F,[GT], we denote by M, the kernel of the augmentation map:
My={¥ e M:7,(¥)=0.}

The action of ¥ on K* /(K*)? is given by lifting it canonically to Z[G"]. Thus,
for v € K*, we define:

=AY mod (K*)9.
We let
N = NK/Q = Z Jé.
cepP+
The ideal (N,q) C Z[G*] is an F,[GT] module; we denote its image modulo g as
norm ideal:
N=N-F,[G"={a-N:a€F,} C F[G]

Note the following simple property of I, [G] — modules:
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Lemma 5. Let M C F,[GT]. If M # N, then My # 0 and there is a 6 € My with
7@)=h-qand h< (p—1)/4.

Proof. Let ¥ € M; then wy(o¥) = w,(¥) for all o' € GT. Since M # N, there is
aoc € Gt and a ¥ € M such that §' = ¥(1 — ¢’) # 0. Obviously w,(f') = 0 and
thus 7(0') = 0 mod ¢, thus My # 0. Since the coefficients of the lift are n. < g,
we have R
w®) =Y ne=a-g<(p-1)/2-q
cePt

Consider also 8" = —@'. Then n.(8) + n.(—0) € {0,q} and 7w(8') + 7(0") < q- %.
By choosing # among ' and 6" such that 7(#) is minimal, the estimate for h follows
and this completes the proof of the lemma. |

2.5. Units and the plus part of the class group. We have already mentioned
that the analytic class number formula relates the class number h(KK) to the order
of the group W = E/C. In 1988, Thaine succeeded to prove the most powerful
result [43], [46], §15.2, relating the local irreducible submodules of C(K) and W. The
theorem of Thaine holds for general real Abelian extensions . O Q and localizations
at primes ¢ with ¢ f[L : QJ.
We state its restriction to L = K = Q(¢,)* and ¢ /p — 1 an odd prime:

Theorem 2 (Thaine). If ¢ fp—1 and 0 € Z[G™"] annihilates the q - Sylow group
of W then 6 also annihilates the q - Sylow group of the class group of K.

We need for the purposes of our proof the related result:

Corollary 1. If 0 € F,[G"] annihilates W (q) = W/W 1, then it also annihilates
A(q) = C(K)/(C(K))?. In particular, it annihilates .

Proof. Thaine’s theorem states that &(W) D 2; the relation (18) states that W (q)
and W have, up to lift, the same support, and the same holds for A. This proves the
first statement. The second is a consequence of A? = () and thus A’ € A(g). O

3. THE MODULE C/C,

Keeping the notations of the previous section, we can now relate the annihilation
of C'/Cy to algebraic numbers generated by solutions of Catalan’s equation.
Theorem 3 (Bumira Camar). Let D = C,/CY and Q@ = Q(DT) be the minimal
annihilator. If r- (p — 1) =1 mod q, then there is a p € K such that:

Q

(19) (W) s

pr
Purthermore, if @ € D] , then

(20) (z—¢)(z— C))g =v?' with veZ("

Proof. The module D is cyclic and thus D = D+ = F,[G*]/(Q). Since the g—th
powers in C/C? are necessarily g—primary, it follows that Q also annihilates W/W1.
The corollary 1 to Thaine’s theorem implies then that Q annihilates 21'. There is
thus a unit € € E and po € Z[¢]", such that

Q

(G=6i=5) ==
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Then the relation (12) allows replacing the denominator of the left hand side by a
power of p and proposition 2 shows that the resulting unit on the right hand side

is cyclotomic:
—\ 0
@-Q@=0Y\ _ 4
% =0-Hy-
But the double Wieferich relations (8) and (9) imply that the left hand side is
g—primary, and so must be 7. Raising this equation at T = Q(D%) (notice that
I'-Q =0by (17)), we find it annihilates n and we can apply the second part of
proposition 2. It follows that n is a g—th power, and this proves (19).
Assume now that 6 € D , a fortiori a multiple of . Since w,(8) = 0,

(21) (1-01-0)"=n-6% with neC,deC.

Thus
0

(z—0(z - _ .4 an in
(m) = evvi and,using (1)

=\ 0
(z=Q~-0) = e2-v5.
Applying proposition 2 like before, we find that €5 € E?, thus confirming (20). O

Remark 3. Note that we did not need lemma 2 for proving (20), which is the
relation on which the sequel of our proof builds. As mentioned in remark 1, the
more general statement (19) can be circumvented in the sequel of the proof.

Buturuga mica rastoarna carul mare translates to “the small branch turns over
the large chariot”, whence Bumira Camar. Indeed, the tiny primary cyclotomic
units are annihilated by  and this makes, via (1), the huge ((z —()(z —Z))‘9 to
become a q—th power. We consider this to be a good idiosyncratic image of the core
strategy of this proof.

Annihilation of the primary units was applied by Thaine in [44] to the Second
Case of Fermat Last theorem, obtaining a close relation to (19). We explain in
Appendiz C why in the case of Fermat’s equation, this cannot lead to o contradiction
of the kind we develop subsequently for Catalan.

This theorem gives a powerful tool for estimating the size of 2 by using analytical
methods. Note that by (16), C/C, ® (Q) = F,[GT]/(M). We shall show that if
Catalan’s conjecture is false, then 2 = N and all cyclotomic units are g—primary.

4. ABEL SERIES

Many of the techniques in this section are borrowed with the kind permission of
Yuri Bilu from his exposé of this proof.
For r € R, the series of Abel (or generalized binomial series) is

f(z)=l§)(2)z’“;

it converges uniformly for |z| < 1 and the sum verifies f(2) = (1 + 2)". We
want to investigate series expansions of algebraic numbers p € Z[(] which verify
pd = (1= ¢/z)®, where © = (1 + 3)0 € F,[G], thus y© = ©.

We shall first give a formal power series which verifies this condition, and inves-
tigate some of its properties. After that we consider the convergence of the series,
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when inserting complex numbers in the series and give some useful estimates. Based
upon these prerequisites, we finally prove:

Theorem 4. If Catalan’s equation (1) has a solution with p > q > 3, then p =1
mod gq.

Since this contradicts proposition 1, the theorem is the last step of the proof
of Catalan’s conjecture. We finally review the important steps of the proof in the
next section.

4.1. Formal power series. We start with some definitions.

Definition 4. Let R = Q({)[[T]] be the ring of formal powers series over the p—th
cyclotomic field and R = Q(¢)T[[T]]. The elementary g—th root series is defined

f@)=> (114‘1) (=¢-T)*=>ay-TF€R,

k>0 k>0

where ay = (1]/;1) -(=Q)*. Let 0 < n < q and 0 € G; then o acts upon { and

=y (”,éq) (¢7-T)F =Y aw(no) - T* € R,

k>0 k>0

and ay(o) = (néq) (=Q)*e.
For © € TF,[G] with 0= Y cep Ne 0 we define the additive map p : Fy [G] — 7Z[(]
by
p @H—ch-(jc.
ceP
We note two important properties of the coefficients of these elementary series:

Lemma 6. For k > 0, let E(k) = k + vy(k!). Then E(k) is strictly monotonous
and verifies

q
(22) E(k) <k 5.

Furthermore

(23) gE®) . (léq) €7 and E(k) = —v, ((11/cq>)

Writing bg(no) = (¢* - k!) - ar(no), the following congruence holds:
(24) bi(no) = (—n¢%)* = p(no)* mod q- Z[(].

Proof. Since k+ 1 > k and vy((k + 1)!) > vy( k! ), the function E(k) is strictly
monotonous. Note that vg( k!) < 3,0 01k/¢'] < k/(qg—1); this leads to the upper
bound for E(k). For n Z 0 mod ¢ we have

ve(be(n)) = v, (qk-k!- (”,éq» — v, (n-(n=gq)...(n— (k=1)q)) = 0.

This shows that vq(ar(no)) = —E(k).
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We now estimate vy (bg(no)). The pigeon hole principle shows that the number
of multiples of £¢ in the above product is |k/¢!]. Since £ may divide n to a high
power, adding up we find:

ve(n-(n=q)...(n = (k=1)q)) > > [k/€'] = ve(kY).
>0
Together with the estimate of vg(bg(n)), this yields (23).
We now develop bg(no):

br(no) = (- (n—q)...(n— (k= 1)) - (=" = (-n¢?)*  mod ¢Z[(].

This is (24), which completes the proof. O
Let © € F,[G]. If 0= Y eep NeOc, then the previous definition naturally implies
that:
e _ ne/q k
(25) f(T)—H(Z(Ck )(gC.T)>-
ceP \k>0

Since f® € R, it also has a development as a simple power series. In consistency
with the definition of ag, by in lemma 6, we shall write this development as
(26) o) = > ar(®)-T* andlet
£>0
b(©) = aw(©)-(¢" k).

The arithmetic properties of the coefficients ay, by, are given by the following:
Lemma 7. The coefficients ai(0),br(©) of the series f© € R have the properties:
1. Both ag,bs, commute with the Galois action, i.e.: ax(c®) = (ar(0))’.

2. ay(0) € Z[¢,1/q]. More precisely, ¢®*) - a(0) € Z[(].
3. bx(©) € Z[¢] and
(27) bk(©) = p(©)* mod ¢ - Z[¢].
4. If © = 0, then a;(©) € R.
Proof. Property 1. follows from (25) and the fact that o acts on ¢ but not on the

formal parameter T. Suppose that ® = ©; + O,; then the coefficients of f© are
derived from the ones of f©i i = 1,2 as follows:

™M=

ap(®) = ap(O1+0602) = a;(01) - ar—1(02)

~

= |l
o

(©) = (@ +02) = > (})-0uen) hos(Ea).

1=0
We have

v (@) - -1(00)) = = (B() + Bk~ 1) = ~E(k) +v, (1) ) 2 ~B (k)

thus vy (ar (©)) > —E(k), by induction on the canonical weights 7(01), 7(02). This
proves 2. By (24), we have b (©) = p(©)* mod ¢Z[(] for © = no, Vo € G. Assume
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that (27) holds for ©;,¢ = 1,2. Then by the previous identity for bx(©; + 02), we
have

k

k
01+0:) = 3 G RUCIRSICS)
e
= 2 (l ) p(01)" - p(02)*7" = p(©1 +©2)*  mod ¢Z[().
=0
The relation (27) follows from this by induction on the weights of ©1, ©5.
Finally, if ® = (1 + 7)6 is real, the case we are mostly interested in, note that
k
ar(149) =Y -G =a(l+)) €R
1=0

It follows from f© = (f1+9)’ that ax(©) € R. O

4.2. An estimate. The convergence radius of f(7') being one, it follows by multi-

plicativity, that the series f©(T') also have the same domain of convergence, for all
© € F,[G]. Let

Sn(O:T) = 3" ar(®) - T
k=0

be the m—th partial sum of f© and R,,(0;T) = f© — 5,,(0;T) the remainder
term. We estimate this remainder, when T is replaced by a complex number inside
the domain of convergence.
Lemma 8. Let © € (F,[G])o have canonical weight 7(©)) = hg. If z € C, |z| <1,
then
h+m |z|m L

o/, _ . =

(28) |f (Z) Sm(®7Z)| S (m+1) (1_ |z|)m+1+h‘

Proof. A power series Y o, a;T* with complex coefficients is dominated by the
series Y oo, AyT* with non-negative real coefficients if |ay| < Ay, for k =0,1,....
The relation of dominance is preserved by addition and multiplication of power
series.

Let r > 0 be a positive real number, and s a complex number satisfying |s| < 1.
Then the binomial series (1 + sT)" = > 77 (;)s*T* is dominated by (1 —T)~" =
Yoreo(—1)*(77)T*. Indeed, the coefficients of the latter series are positive and
1< GO _

It follows that f©(T') is dominated by (1 — T')~". Denoting by S,,(T) the m-th
partial sum of the series (1 — T')~" and using the common remainder estimates for
Taylor series, we obtain the following;:

£9(2) = 8m(©;52)] < [(1 = |2]) ™" = Su(l2])]

< sup dm+1(1 _ T)—h |z|m+1
- 0<e<|z| dTm+1 T (m + 1)'
_(h+m |z|m+1

“\m+1) @[

as claimed. O
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4.3. The equation (z — ()® = v? and the proof of theorem 4.
We assume in this subsection the various results about possible solutions of Cata-
lan’s equation, which we proved above. As a consequence of (20), we also assume
that the equation (z —¢)® = v has a solution v € Z[(]*, when © € [(C,/C?)T],
is a weight 0 annihilator of C,;/C?. By lemma 5, we can choose such a ©, with
canonical weight 7(©) = 27(0) = h-q and h < ¢g- E5*. Finally, |7| is bounded below
and we shall use the bound (7) from theorem 1, which is proved in Appendix A.
The series defined previously is related to v by the following fundamental iden-

tity:

Proposition 3. Let ©,h,v be as above. Then
(29) v’ =zh. f7®(1/z), Yo € G.

In particular, the Galois action commutes in this case with the series summation,
namely

(f°0 /=) = f7° /).
Proof. For any o € G, the equation
(30) X1=(1~-¢/2)7
has the solution Xo(0) = v7 /z" € K. The other ¢ — 1 complex solutions of this
equation are X; = & - Xo(0), ¢ =1,2,...,¢ — 1, where £ is a primitive g—th root
of unity. Since £ ¢ R, it follows that Xo (o) is the only solution in K. On the other
hand, |1/z| < 1 and the series f®(1/z) converges; its sum is real and it also verifies

(30). But Xg(o) is the only real solution of (30), and this proves (29). The fact
that Galois action commutes with the series summation is simply a reformulation

of (29): £7© = Xo(0) (Xo(1))" = (£©)”. H
We now let,
18 — qE(h) . V,
h
Si o= "MW a(0) 2" = ¢"Mah . 5,(0;1/x)
k=0

Sy = B—581=q¢°Wzh. R,(0;1/x).

Since v € Z[(]*, a fortiori 8 € Z[(]*. The purpose of multiplying by a power of ¢
is best seen considering the definition of S;. Indeed, by points 2. and 4. of lemma,
7, ¢" - ax(©) € Z[¢]* and thus Sy, S2 € Z[(]*. In fact we have:

Lemma 9. Let 3,51,5, be as above and assume that p > q > 3. Then

(31) ,3 = Sl and SQ =0.

Proof. Since S is a finite sum and Galois action commutes with the coefficients
ar(c®), we obviously have S;(6@) = (51(0))” for ¢ € G*. That the same holds

for S5 is a consequence of S, =  — S; and proposition 3.
We estimate | S| using (28), (22) and (7).

|S2| = qE(h)xh'Rh(@;l/@‘

h/(g—1 h 2h |z~
gD g (h+ ) Tty = Al

IA



16 PREDA MIHAILESCU

We now use (hQ_:L1> <22 h < (p—1)/2, p > 5,¢ > 3 and |z| > 10 for
bounding A:
a(p—1)
A< gD 2771 (1410710)
and
S5] < 2%+ (1 +10710) . 201 . =1 Gty —8) « 3—5(-1) < 1.
The Galois action commutes with the sum of the remainder Ss, as we have shown

above, and thus |SJ| < 1 for all 0 € GT, so |N(S2)| < 1. But S, is an algebraic
integer, so it must vanish. This completes the proof of (31). d

We are now prepared to give the

Proof of theorem 4. The point 2. of lemma 7 implies that ¢Z(" . a;(©) = 0 mod ¢
for k < h. Since E(k) is strongly monotonous, by (31) and the definition of 3, we
have
"W .y =g =¢fMWa, mod ¢Z[(]".
But v is an algebraic integer and h > 0, so the left hand side is a multiple of ¢ and
we must have
bh(©) = p(®)* =0 mod ¢-Z[¢]*.

This implies that ¢|p(©), which again is only possible if g|n., Ve € Pt. But this
means that © = 0, in contradiction with [(C,/C?)T]  # 0. Finally, all cyclotomic
units must be g—primary. This contradicts proposition 1, since we assumed p > ¢
and completes the proof of theorem (4). d

5. CATALAN’S EQUATION

The truth of Catalan’s conjecture follows from the theorems proved above. We
review here the major steps of the proof.

Theorem 5. Catalan’s conjecture is true.

Proof. Assume that Catalan’s equation has a non trivial solution for p,q > 3. Then,
by the symmetry of Cassels’ relations, there is a solution to ®,(z) = p - v? with
p > q > 3. Assuming that p Z1 mod g, by theorem 3, (20) holds. One then applies
estimates involving Abel series to this equation, finding that the cyclotomic units of
Q(¢p)* must all be g—primary. This contradicts the proposition 1 and establishes
the truth of the Catalan conjecture, based on the assumption that p Z 1 mod gq.
This assumption is easy to prove by Baker’s methods for linear forms in logarithms
(see Appendix B), using the double Wieferich relation for eliminating some possible
exceptions. O
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6. APPENDIX A
We shall give a simple lower bound for |z|, which strengthens Hyyr6’s one

le] > max{ p'(g—-1)7+1, q(2p+1)(2¢*~"+1) }
lyl > max{ ¢ 'p+1)P-1, plg—-1)pP'(¢-1)7+1 }.

in the case p > q.

(32)

Proposition 4. For (z,y,p, q) verifying (1), the following lower bounds hold:
(33) lyl > @**7?/2)" and |z] > (¢*P7%/2)"

Proof. We shall prove the bound for y = pav (2) by using (10). Let ¢ € Z[G] be a
Fueter element, i.e. an element of Stickelberger ideal, having weight (p — 1)/2, to
fix the ideas:
b=(02—200= Y o, €L[G]
c>(p—1)/2

Since 2¥ is principal, by raising to the g—th power, we find there is a v € Z[(] such
that (a¥) = (y7) and y'*7 = v. Iwasawa proves in [17] (see also [16][p. 226, Ex.
13]) that Jacobi sums J verify

(34) J = -1 mod (1-¢)?*Z[(].
Since @ = 1 mod p? it follows from (34) that the implicit unit in the previous
equation between ideals is in fact 6 = —1 and

a¥ = —4.

Let (1) = X os(po1y/2 Toge> 50 N+ = 2oep 1/(1=¢°) = (p—1)/2. Since y = —1
mod (1 — ¢)? as a Jacobi sum (34), the previous equation can be rewritten - using

(2) - as:
z-1\Y
= O‘w:(”l—c)

= 1+ (pn)- (@*7Pa?) + 0 (p*172/(1 - ¢)?)

The Abel series for a¥/? converges p — adically, leading to the following expansion
for ~:

v=— 1+ nat g+ o(p"7?)),

andv =7y+%5 = — (2 +p?—1l.q0. % + 0(p4‘1_3)). Suppose now that o.(v) =
v, Yc € P; since v-7 = v € Z, we should then have v € Z, which contradicts lemma
1. Consequently, 4 = v — o.(v) # 0 for some ¢ € P and y = 0 mod p*?—3. Note
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that by -7 = v and since u € Z[(], we also have |o(p)| < 4]y| = 4y/v and o) =0
mod p*9~3 for all o € G. Thus, by taking norms,

4P—1y(p—1)/2 > Ng(C) () > plta=3E-1),

hence |v| > (p?(4=1) /2)*, from which the claim for |y| follows, since |y| = |pbv| > |v|.
The claim for |z| follows by symmetry — substitute (z,y,p,q) by (-y,—=z,q,p). O

7. APPENDIX B

Tijdeman [45] used the theory of logarithmic forms to establish the existence of
upper bounds for the exponents p, q, which were first made explicite by Langevin
[20]. The estimates of Langevin were improved by Glass et al. [10] and the repeat-
edly by Mignotte and Roy [29], using the very sharp lower bound for the binary
logarithmic forms from [21]. They generalize further refinements due to Bennett et
al. [3].

In this section we use Tijdeman’s argument and some electronic computations
to prove that p # 1 mod ¢?. A reader ready to accept Theorem 6 as granted, may
overlook this appendix.

First we prove
Proposition 5. If ¢ > 105, then p < ¢>.

The simple proof of proposition § was kindly provided by A. Glass. We start by
showing:

Lemma 10.
(35) p < 11(qlog q) - (log(p/ logq) + 3)°.

Proof. We follow Tijdeman’s notation, see [41], p.206 and assume that p > g > 10%;
we have ¢ < s.
Let
A = |glog g — plog(s?/z)|.

As shown in [10], p. 134, 2elog(s?/x) < log s? and {q,s?/z} is multiplicatively
independent. We may therefore apply [21], Theorem 2 to A with p = 5.4, a; = g,
ap = 8?/x, by = q and by = p.

Then, with the notation of [21], Theorem 2, we have a1 = 6.41ogq,

4.4
ay > % log(s?) + 21og(s?).
Since this latter exceeds 2loglog5.4 for ¢ > 10°, we can satisfy (4) in [21] with
as = 3qlogs.

Now

b—1+b—2)<lo (p/logq)
a al = g g4),
so we may take log(p/loggq) + 2.1 for h in (3) of [LMN] (it exceeds 5loglog5.4).

log(

We now apply [21], Theorem 2 to get
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logA > —

log5.4 4
0g95 (6.4)3(qlog qlog s)(1—62(10g(p/ log q¢) + 4)* — smaller terms.

Note that

4 4
16 log(p/logq) +4 < 1—62(10g(p/ log q) + 3).

Using the fact that s,p > ¢ > 10°, we see that the smaller terms can be bounded
respectively by A, 0.14 and 0.1A4 where

A = (qlogqlog s) - (log(p/ log g) + 3)*.
Thus
(36) log A > —(8.8 4+ 1.2)(qlog qlog s) - (log(p/ log q) + 3)°.
But A < 4¢%/sP (see (25) of [41] or [29]), so
(37) log A <log4 + 2logq — plogs.
By (37) and (36), we get that

p < [10(glog q) - (log(p/log ) + 3)*] + [(2log 2¢) / log s]-
Since s > g > 10°, we deduce the stated result. O

Now we prove proposition 5. Note that loglog ¢ > 2.44 whence log(p/ logq)+3 <
1+logp < 1.1logp.
Combining this with (35) gives

(38) p < 11(1.1%)(¢qlog q)(log p)* < 14(qlog q)(log p)°.

Finally, since logp < (22/e)p'/?? and (logz)/z°® is decreasing for z > 10°, we
obtain

(39) P (14 - (22/e)*qlogq)** < (14-(22/e)?q"®10™*10g 10°)!!

<
< (14-(22/e)* - 10~*log(10%)) "1 ¢98.

But
(14 - (22/e)* - 10~ *1log(10°))! < 1.1 < (10%)%9% < g2
From (39) we deduce that p < ¢°.
The promessed result can now easily be completed by electronic computations:

Theorem 6. Let (z,y,p,q) be a solution of (1). Then pZ1 mod q.

Proof. Use a computer for the following: For ¢ < 100000 and p verifying (38),
search for double Wieferich pairs. If any are found, check that p 21 mod ¢2. O

Remark 4. M. Mignotte points out [32] that, since 1+2¢> =0 mod 3, the smallest
prime p=1 mod ¢ is
p>1+4q°.

This apparently innocent correction allows him to still reduce the bound g > 100000
that we proved above and, using also more involved forms in logarithms, which we
shall not display here, he may reduce to about ¢ > 25000. This still reduce the time
for the computer proof of theorem 6.



20 PREDA MIHAILESCU

8. APPENDIX C

We restrict our comparison of Fermat’s and Catalan’s equations to Kummerian
methods. What is known on Fermat’s equation will thus refer to Kummerian results,
and thus mostly pre-Wiles ones. The problem of successfully adapting the Frey
curve method to Catalan’s equation and thus taking advantage of Wiles’ proof of
the Tanyiama - Shimura conjecture is considered by experts to be a very difficult
one [38].

The Second Case of Fermat’s equation

P +yP+22P=0 with p|=z

gives rise by Abel’s relations [37] to the following cyclotomic norm equation, the
analog of (4):

(40) N(af) =P, with oy = mlti‘y = - (y - Illfi‘fé) .

The associated ideal 2y = (ay,t) has order dividing p. While Kummer’s genial
descent method proves that p | h,, , this fact happens by reflection - more precisely
by proving the existence of p—primary units. It is however not known that s
cannot be a principal ideal. On the contrary, such a result was most - wanted on
the cyclotomic track, since it would have reduced the Second Case to solely the
truth of Vandiver’s conjecture.

The situation appeared to be more simple for Catalan’s equation. The analog of
2 in this equation is, certainly, A = (@, v) (see section 2). Using Case I methods
related to Eichler’s, Inkeri had found a conjunction of Case I - like conditions: he
essentially showed that either 2 is not principal or the double Wieferich condition
holds. How different (the second case of) Catalan was from Fermat’s Second Case
was made even more evident by Bugeaud and Hanrot’s result. They basically
proved that the ideal 2 cannot be principal (the condition ¢ > p in their proof can
be easily removed by a local variant of their argument). Compare this to Fermat,
where whether or not the corresponding ideal A can be principal was a most -
wanted result! However, the minus part successes for Catalan seem to end here.
More intensive investigations of the F,[G]~ module generated by 2/2( end in quite
intricate combinatorial conditions, without producing clear general contradictions
[34].

It is thus worthwhile to consider the Second Case more closely. The double
Wieferich conditions (8) and (9) imply that a/@ is primary singular. It is known
from the study of Fermat’s Second Case, that primary singular elements of this
shape generate class fields of the plus part. Only a/a is g—primary singular ... in
the p—th cyclotomic extension ! By Leopoldt’s reflection theorem [24], it generates
a class field of Q(¢,,)". In this case, rather then Vandiver’s, one would need the
similar flavored conjecture

p [ hf, if p£1 modyg,

where h;q is the class number of the maximal real subfield of the pg—th cyclotomic
field. This conjecture is apparently even more intractable then Vandiver’s. How-
ever, its truth would imply by itself the truth of Catalan’s conjecture: this is an
easy, unpublished [34] consequence of (9) and (8).

Finally, the present proof builds upon the consequence of Thaine’s theorem, that
when annihilating the ¢—primary units, the (g-part of the) class field will also be
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null. This leads to ¢—th power algebraic integers in our case. It is very instructive
to note that Francisco Thaine, an expert of the cyclotomic investigation of Fermat’s
theorem, applied his own theorem in exactly the same way in [44]. He finds that if
6 € Z[G*] annihilates the p—primary units, then

(48 _ (w2 + 97+ 20y(C+ O)a .
! 2-(C+0)

This is the Fermat analogue of Theorem bumira camar. When trying to use the
same kind of approach to the above equation, one meets with two serious obstruc-
tions. The first, of algebraic nature, consists in the fact that the norm of (1 — ()
is certainly not p—primary, so one cannot eliminate the denominator. The second,
analytic in nature, consists in the fact that (even accepting to take p—th roots of
A = (1 = ¢)*1Y), the power series development which is possible for the left hand
side will have |z/y| < 1 as ratio (if z,y are chosen accordingly), thus eventually
converging very slowly. This appears thus to be a dead end for Fermat.

It is relieving to know that the methods we used for Catalan had been naturally
implemented to Fermat earlier by Thaine, and also, that they cannot achieve success
in that case. The latter was also previously found by the author of this article,
increasing the subjective confidence in the proof.

The impossibility to adapt the present Kummerian solution of Catalan’s conjec-
ture to the Fermat equation suggests at a first glance, this might reflect the harder
tractable structure of the latter. This would make sense, considering the higher
amount of research which was involved in it. On the other hand, Ribet’s theorem
shows the Frey curve of the Fermat equation cannot be modular; this allowed the
proof of Fermat’s conjecture due to Wiles’ epochal proof of Tanyiama - Shimura.
On this front, we saw that an analog of Ribet ’s theorem is not at hand for Cata-
lan’s equation, so the very same reason which allows our procedure to lead to a
cyclotomic proof of Catalan but not of Fermat, allows for Frey curves to lead to a
proof of Fermat but not of Catalan. This anti-symmetry remains intriguing and it
is very well possible that the last word may not yet have been spoken about these
two cyclotomic norm equations.
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